How do People discount the Very Distant Future?
A Theoretical Approach

André Lapied” Olivier Renault"
(Corresponding author)

Aix-Marseille University Uni ité du Mai
(Aix-Marseille School of Economics) mverélte g aine
CNRS & EHESS AIN

Abstract

In this paper, we consider a Decision Maker facittgrnatives defined on very distant future, tlsat i
outcomes that may occur after a very long delapérhpolic Discounted Utility has been extensivelgdus
to describe these decisions since it confers griag®rtance to very distant future and is lespaasive

to change in discount rate than Exponential Disisalitility (Harvey 1994). Following a recent wdak
Bleichrodt et al. (2009), we define an axiomatioparty, called “asymptotic patience”, suggestirag th
hyperbolic discounting may be not relevant to miadathoices defined on very distant future. Asyrtipto
patience means that, for very distant delays, dogsion maker always prefers the larger outconibeto
smaller outcome, even if the former is shiftedrig enore remote future. A decision maker who exibit
asymptotic patience confers greater importanceety distant future. We provide an axiomatic model
called Subjective Discounted Utility that generdizany Discounted Utility model. In particular, the
Subjective Discounted Utility allows representatifn time preferences consistent with asymptotic
patience, for which discount functions give a matirpositive weight to any outcome delayed in very
distant future. The Subjective Discounted Utilitpael also provides a sharp expression to veryndista
future based on psychological distortion of lintae called time perception.
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1. Introduction

Discounted Utility (DU) is the standard model tescibe and to explain intertemporal choices madéndiyidual
decision makers. The core advantage of DU modes fiscus the study of time preferences on pragseritlated to
specific discount functions. Exponential Discountédity (EDU) has been first used to modelize indual choices
(Koopmans 1972).However, Thaler (1981) stretchemt tlognitive psychology may provide strong behavbior
foundations to an alternative DU model called Hgpkr Discounted Utility (HDU). Indeed, one of theost robust
results provided by experimental economics is tluatdelays defined as months or as a few yeasgrebd time
preferences exhibit decreasing impatience, thdorng term discount rates are lower than short téisoount rates
(Mazur 1987, Loewenstein and Prelec 1992, Harve$)19

DU models are based on an impatience axiom whiehadsre element of time rationality for standardetihorizon.
Impatience stipulates that a decision maker (DM)ags prefers receiving a gain sooner than latepatience rises
because of the uncertainty on the receipt of fuluteomes and of the DM’s inclination to exhibitigsment produced
by the prospect of immediate satisfaction (Frelegical. 2002). A key implication of impatiencetige potential
occurrence of “time tradeoff”, that is, the existerf time preference reversals: initially, a DMiays prefers a larger
outcome now to a smaller outcome now, but, if éngdr outcome is delayed in a sufficient remotaré tthen the time
preferencecould reverse for the smaller outcome. Noor (2011) ifledtian axiomatic condition, called “strong
impatience”, implying time tradeoff for any timertzon. In this paper, we wonder about the readenabs to consider
impatience as a core element of time rationalitgmditernatives are defined on very distant fuiine. main idea is that,
for very distant alternatives — say outcomes delayemany decades —, uncertainty on the receipbtbf outcomes is
radical and the excitement associated to immedaiisfaction vanishes at all. As a consequenceafffatelaying
expunges any trace of impatience and very distantef may be defined as a time horizon on whictetigno time
tradeoff anymore. Unfortunately, standard discognt EDU and HDU — implies strong impatience. Thes,need to
define an alternative discounting rule to ratiarathe absence of time tradeoff on very distantéutStrong impatience
will be substituted by an axiom called “weak imgatie”, which requires the existence of a delay franich time
tradeoff no longer occurs.

In a previous work, Lapied and Renault (2012) Hawit an axiomatic model, called Subjective DisdednUTtility
(SDU), that explains the diversity in time discangtby the diversity in individual subjective timperceptions, that is,
distortions applied to linear time. In this modklch discount function is related to a single fi@eeption. In particular,
we extend SDU for discount functions that exhil#ak impatience. Moreover, another joint-produabeiated to SDU
lies on the analytical expression dedicated to gistant future. Indeed, for SDU, the time tradéwffizon is allowed to
vary from a few months — for myopic decision makete many years — for telescopic decision makeispending on
psychological considerations related to time pdimejproperties.

The paper is organized as follows. The secondoseptbvides notations used throughout the papeimamdiuces the
concept of “time tradeoff’. A key observation relgetat DU models do not necessarily imply timeleaff. The third
section deals with the discounting of very disfaiire, considering two distinct cases: strong imepae, when time
tradeoff is extended for any delay, and weak irepa, when time tradeoff is dropped for very distiefays. The fourth
section presents the SDU model that enables uddmatize discount functions consistent with weabatience and
gives sound behavioral interpretation for strongdtience and for weak impatience. Last, buildingrughe SDU
representation of time preferences, the fifth saatonfers a sharp analytical expression to the distant future based
on time perception’s properties. In particular, epose an axiomatic condition characterizing peeific case studied
by Bleichrodt et al. (henceforth BRW) (2009) anlieckstrongly decreasing impatience.



2. Discounted Utility Models

2.1. Notations and Model

We consider a DM facing alternatives defined adimutcomesgx, t) € A= X x P, where(x, t) designates the
receipt of the outcome aftert periods. An outcome may cover a large range @dt&ins:x may be a real number and,
in this caseX’ = R orx may be a vector af components and, in this cad = R". If the outcome designates welfare
such as the quality of environment, then we wiluase thak is defined as its monetary equivalent and, ifdieome
designates a lottery such as the distribution ofrain returns on investment, then we will asstiae is defined as its
certain equivalent. For convenience, we will restur study to gains and we definey € X such thad < x < y. As
usual,P = [0; +oof is the time horizon, with,, t, € P such thaD < t, < t,. The time horizon both includes current
decision period, normalized @ and very distant periods. We assume that then® igncertainty on the timing of
outcomes receptién

A binary relationz *, called “time preference”, is defined A A and we assume thatis a continuous weak order on
A x A that verifies separability that is, a common assumption in the literatuat émables to clearly dissociate the
“outcome effect” from the “time effect” on time fieeences. The outcome effect is embodied in a rooiwity axiom,
that is,vt € P,y > x = (y,t) > (x,t). When alternatives are equally delayed, time metzs always turn for the
higher outcome and positive monotonicity for outesrholds. The time effect is embodied in an impedieaxiom, that
is,Vx € X,t, > t; = (x,t;) > (x,t,). Impatience suggests that the DM always prefemscgive a gain sooner than
later and leads to negative monotonicity for ti@entinuous weak order, separability, monotoniaitgt anpatience are
very standard assumptions and Fishburn and Rubingt®82) showed that this set of assumptions ldada
representation of time preferences by discountty finctions.

Definition 2.1 (Discounted Utility)

The Discounted Utility (DU) is a separable utilignction such thaty (x, t) € A, v(x, t) = ¢ (t). u(x) whereg is
a discount function and is a stationary utility function, that is:

- ¢: PP owithg(0) = 1, ¢ is strictly decreasing with, and, for anyt in P, ¢(t) > 0.

- u: X - X withu(0) = 0 andu is strictly increasing witf.

Assumption A0

Time preferences are represented by DU functions, that is:
V(x, 1), (x,t) €A (x,t) X (x,t) & ¢(t).ulx) = (t). ulx)

The core advantage of DU representations is tosftiweianalysis on discount function properties. &él@n doing this,
DU representations exclude behavioral structurels as magnitude dependent preferences (Noor 20té the time
effect is outcome dependent, thatii§, t) = m(x, t). u(x).The most famous expressions of DU representaticns
Exponential Discounted Utility (EDU) witlkp(¢t) = A* (0 < 2 < 1) (Koopmans 1972) and Hyperbolic Discounted

% For a model with uncertainty on the timing of teeeipt of outcomes, see Dasgupta and Maskin {2005

* The relations- and~ are respectively the asymmetric and symmetris péithe binary relation.

® For brevity, we do not restate this set of assiampand invite the reader to refer to FishbudhRnbinstein (1982).
® Formally, the se®’ is a connected set included ifRoThus, everP’ = P = [0;0[ or P’ = [0; [ < P (I > 0).
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Utility (HDU) with ¢(t) = (1 + at)™#/% (0 < a, B) (Loewenstein and Prelec 1992). EDU, and more tigddDU,
have been extensively used to modelize individedlakiors in many applications for intertemporaliod® and, in
particular, choices defined on very long time hami

2.2. Time Discounting

Time discounting expresses the psychological digmmssociated to the waiting of a postponed rdwarspite of the
great diversity in individual time discounting (Begick et al. 2002), most of discount functionsdusethe literature
imply time tradeoff, that is, the possibility thaine effect counterbalances outcome effect. Ihitiavhen both
alternatives are equally delayed, time prefereacedully explained by the outcome effect and Hrgdr outcome is
strictly preferred. But, if the larger outcome @gionally delayed in a sufficient remote futuiteen time preferences
may turn for the sooner and smaller outcome.

Definition 2.2 (Time Tradeoff)

For all outcomeg, y > 0, there is time tradeoff for delayif there exists a finite delay(t) > 0 such that

(x,0) ~ (y, t +7(0)) (2.1)

Time tradeoff stipulates that DM'’s impatience isgong that time preferences may reverse fonttadler outcome. The
additional time intervat (t) is called DM'’s willingness to wait. The willingrees waitz (t) is the maximum amount of
time that an individual is willing to wait for andrease in outcomey“— x” when both alternatives are initially delayed
by t periods. Impatience implies thatt) > 0 and we will noter(0) =  the initial willingness to wait. Note that, under
DU, the willingness to wait only depends on timguanentst andt in the sense that, ifx,0) ~ (y,7) and
(x,0) ~ (¥, 7), then, when alternatives are delayed Ipgriods, the willingness to wait is equat{@) in both casés
The willingness to wait is time sensitive if, for< t, < t,, 7(t,) is allowed to be different frorn(t,). The time

premiumé captures such time sensitivity. Indeed, consides tradeoff for delay, such thatx,t,) ~ (y, t, =t +

r(tl))8 and assume that time tradeoff holds if both adtares are delayed lsyperiods:
ti +t)~,t, +t+0) (2.2)

Equation(2.2) is called time tradeoff equation. Combining equetR.1) defined for delay, + t with the time tradeoff
equation, it is easy to show titat= 7(t; + t) — t(t;). Constant impatience holdséf = 0 (r(t1 +t) = r(tl)), that
is, T(t) is independent from time. Converselyg if> 0 (respd < 0), thent is increasing (resp. decreasing) with delay
and impatience is decreasing (resp. increasing)tinie, since the DM is willing to wait a greatersp. smaller) amount
of time for an increase in her well-being when balternatives are delayed in more distant futurmeTtradeoff
properties related to DU representations are suinedan the following observation.

" This property is directly involved by the sepaligbaxiom (see Fishburn and Rubinstein 1982).
8 Noor (2011) has shown that, for aqyt, > 0 and anyy > 0, there exists a unique> 0 such thatx, t;) ~ (y, t,)
(Appendix B, Lemma B1).



Observation 2.3

Under DU representation of time preferences:
(i) Ifimpatience is constant or increasing withej then there is time tradeoff for any delay
(i) Ifthere is time tradeoff for delay, then there is time tradeoff for any detay< ¢,.
(iii) Assume impatience is decreasing with time. letheno time tradeoff for delay, then, for any delay
t, = ty, there is no time tradeoff anymore.

First, EDU representation is always consistent tiitie tradeoff. Moreover, Observation 2.3 stre#isa without any
additional assumption than regular DU axioms, tiseeeprior asymmetry for time tradeoff on the tinogizon. Assume
time tradeoff for delay, then the time tradeoff property is fully extendadsmaller delays, but not certainly extended for
larger delays in the case when impatience is atloiwedecrease so strongly that time effect canoobterbalance
outcome effect. Focusing on time preferences diigbidecreasing impatience, a key joint-producbeiated to
Observation 2.3 is that DU representation does@céssarily imply time tradeoff for all delays. s will see in the

C

next section, this is precisely the case for CABtalinted utilitiesg (t) = er(€™~1) defined forr, ¢ > 0) introduced

by BRW (2009).

3. Discounting the very distant future

In DU models, the impatience axiom is the only sedior the raise of time tradeoff. Indeed, for #figent large delay ',
time preferences may change for the sooner andesmalcome(x, t) > (y,t + t") if and only if the discount function
¢ is “significantly” decreasing with time, that the relative depreciation in outcore(y)/u(x)) is counterbalanced
by the relative depreciation in tinfeb(t) /¢ (t + t)). In this case, the DM considers that it does rethwwaiting for
additional time and time preferences turn for thensr and smaller outcome. Conversely, if impagiesicongly
decreases with time in the sense that the reldiive depreciation cannot exceed the relative outcom
depreciatior(u(y) /u(x) > ¢(t)/¢(t + t)), then there is no time tradeoff anymore. In thistion, we will discuss
about the reasonableness of the impatience assarfiptitime preferences defined on very distantréutWe argue that
delaying alternatives on very long delays leads<minge any trace of impatience and, consequantjypossibility of
time tradeoff.

3.1. Absence of time tradeoff for very distant chsi

Empirical findings have provided robust evidencefamor of decreasing impatience with time (ThaléB1). In
particular, the literature on intertemporal choitsially considers that decreasing impatience évaat to describe
choices defined on very long delays. Harvey (12@Wpcated for the reasonableness of decreasingiempasince it
confers greater importance to very distant outcaanesis less sensible to the choice of the disca@tthan constant
impatience. To illustrate, consider the followingample that describes time preferences exhibitiagredsing
impatience:
(x,t; = one month) = (y,t; = one month + A = one year)
and

(y,t, = twenty years + A = one year) > (x,t, = twenty years)

When alternatives are both delayed by a briefinitelayt, (one month), the relative additional time interyajone
year) may seem very long (Choice 1) so that thei®ibt willing to wait for one additional year tety instead of. In
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this case, the time effect counterbalances theomgtceffect because the impatience rate still resriaigh. On the
contrary, when alternatives are both delayed bgrg long initial delayt, (twenty years), the relative additional time
interval A (one year) may seem insignificant (Choice 2) coeghavitht, so that the DM is willing to wait for one
additional year to gep instead ofx. In this case, the DM'’s impatience has stronglgreiesed and only matters the
outcome effect.

Why could impatience decrease so strongly as attees are delayed in distant future? Accordingrederick et al.
(2002), impatience is motivated by the combinatibtwo distinct factors: the “uncertainty of humiife” and “the
excitement produced by immediate reward”. Basic#ily more uncertain the receipt of an outconthésless the DM
will care about the future. Alternatively, the mdne DM exhibits excitement for an immediate rew#ngé more the
discomfort of deferring such a reward is and ts tae DM will care about the future. The assariatif uncertainty on
the receipt of outcomes with the excitement for eédiate reward produces a psychological cost indogede delaying

of a reward. Thus, for any dated outcofper), DU assumptions imply that there exists an outcoreach thate < y
and(x,0) ~ (v, t). However, assume now that the two previous datémbmes|x, 0) and(y, 1), are delayed by a
very large delay. Thus, the receipt of both outcomes is highly aaaeand excitement produced by the prospect of
immediate consumption vanishes at all so that ireterenceéy, t + t + t') > (x, t) may hold for any additional delay

t". As a consequence, impatience is not yet a cenacelt of time rationality for very distant time izons.

Definition 3.1 (Very distant future)

The very distant future is a time horizon on witlgre is no time tradeoff, that is, for some > 0 and for a
given delay, 27(t) > 0 such thatx, t) ~ (y,t + ©(1)).

Very distant future is a psychological time horizéor DM whose impatience rates remain significaatmatter the
delayt on which choices are defined, there is no veraliduture. Conversely, for DM whose impatiencghihibe
totally expunged, the timing of very distant futdiepends on the rate of decreasing impatiencaud_divide the time
horizon® into two subintervals, then very distant futurpesgos as the complementary part of time tradeofdm For
the remaining, we will define as the time tradeoff horizon, that is, a delayjnghat,vt < T, there is time tradeoff.
For exponential discounting, time tradeoff may kterded for any additional delay(Observation 2.1), so the time
tradeoff horizorT is infinite and there is no place for very disthntire. Alternatively, if time tradeoff is restiédl for
moderate delays, then the time tradeoff horiZamfinite and, for all delays > T, very distant future holds. In this way,
the impatience axiom may be sharply completeddoy glistant delays in two distinct ways.

Definition 3.2 (Asymptotic Impatience / Asymptotic Patience)
Asymptotic Impatience V,yEX (0<x<y),at €EP:VteP, (x,t) > (y,t+t)

Asymptotic Patience V,yEX (0<x<y),dteP: VvVt €P,(y,t+t) > (x,t)

Asymptotic impatience means that, no matter thaydeh which are defined the alternatives, impatiesidl remains
substantial to make insignificant any larger outeppmoviding that the latter is delayed in a sigffitremote future. We
define strong impatience as the combination of fi@pee and asymptotic impatience (Noor 2011). Alttvely,
asymptotic patience means that impatience stralgglyeases with time so that the impatience rdsetéarero and time
tradeoff cannot occur anymore. We define weak ii@ped as the combination of impatience and asyiogatience.
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Note that asymptotic patience may be consisterit tvite tradeoff for small delays. Strong impatielacel weak
impatience may be related to the nature of impagi@mthe following way.

Observation 3.3

Constant Impatience or increasing impatience imsggieong impatience.
Weak impatience implies that there exists a defeym which decreasing impatience holds.

Strong impatience is a standard assumption int¢hature (Masatlioglu and Ok 2007, Noor 2011) emast of discount
functions satisfy strong impatience. The interpiataof Observation 3.3 is more complex for timefgrences exhibiting
decreasing impatience. If the decrease of the iemzat rate is limited, then time tradeoff is exeshébr any delay and
strong impatience holds. As we will see, this ésahse for hyperbolic discounting. But, if the dase in impatience may
be arbitrary large, then impatience is totally consd and there is no time tradeoff anymore. Ingbisse, asymptotic
patience reflects the absence of upper bound atetirease of impatience.

3.2. Time preferences with asymptotic patience

Among the set of discount functions that satisfgrel@sing impatience, is hyperbolic discounting rieest relevant
discount function to modelize choices defined ory Weng delays? Abdellaoui et al. (2010) have bhbwgmpirical
evidence for strongly decreasing impatience. Rgugiitaking, time preferences exhibit strongly desing impatience
if the decrease in impatience could be so strogigtitie discount rate is allowed to take any vatueear as possible to
zero. Formally, BRW (2009) identified strongly dessing impatience as the case when the time preéitnt,, t)? is
not bounded by the valuex (t, — t;)/t;.

Definition 3.4 (Strongly Decreasing impatience)

Assume(x, t;) ~ (y,t, ). Time preferencess exhibit strongly decreasing impatience if therdstexan
additional delayt > 0 such tha(y,t, +t+t X (t, —t1)/ty) £ (x,t; + t).

BRW (2009) have demonstrated that hyperbolic distiogiinvolves weak decreasing impatience, thdoisany delay
t;,t,, t >0, we havef(t,t,, t) <t X (t, —ty)/t; (Observation 3.3, p. 30). Thus, weak decreasimatience
implies strong impatience and hyperbolic discogniinnot a good candidate to modelize very didtaote since time
tradeoff holds for any delay. For instance, ittiaightforward that hyperbolic discounting cannqtlain the following
time preferences:
(x,t; = one year) > (y, t; = oneyear + A, = one month)
and

(y,t, = twenty years + A., = three years) > (x,t, = twenty years)

More generally, the next property, called squaspingerty, allows us to identify the set of disddfunctions that extend
time tradeoff on the entire time horizon.

° The time premiund (t,, t,, t) is defined such thé, t,) ~ (y,t, ) and(x, t; +t) ~ (y,t, +t + 0(ty, ty,1)).
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Definition 3.5 (Squashing Property)
For all delay t € P andVe > 0, there exist delays’ (¢t < t") such that:

% <e¢ 3.1)

The squashing property expresses that, for argndlistture, it is possible to find more remote ffiatsuch that the weight
dedicated to later future appears as small adymssimpared with the weight associated to soamers. Intuitively, for
any dated outcomed, t) and(y,t ), outcomey, no matter how large is it, can be made unatsacibompared with
outcomer, no matter how small is it, providing that thegtar outcomey is delayed in a sufficient remote futureIn
other words, setting = u(x)/u(y), the squashing property states that outcome effagtalways be counterbalanced
by time effect.

Proposition 3.6

Under DU representation of time preferences, thetifiollowing propositions are equivalent:
(i)  Time preferences verify strong impatience.
(it) The discount functigf is consistent with the squashing property.

(iii) limes, () = 0.

Proposition 3.6 identifies a simple condition oscdunt functions to characterize strong impatietioe preferences
exhibit strong impatience if and only if the disnbfunction confers no weight to arbitrarily latgure. Consequently,
weak impatience holds if and only lifm,_,., ¢(t) = L > 0 and gathers the set of discount functions whitbwal
minimal weight to any distant future. Indeed, cdesithat alternatives are defined on very distantré. Then, the
relative depreciatioh < 1 is applied to both alternatives, but, beyondithe tradeoff horizon, the DM behaves as if she
does not discount alternatives anymore and tinferpreees may be modelized from the use of a zepouint rate. In
particular, the CADI discount function, presentgdBRW (2009), satisfies weak impatience. We intogdan alternative
discount function, called DADI (Decreasing AbsollRecreasing Impatience) discounting, that alscsfiesti weak
impatience.

Definition 3.7

For any dated outcore, t) € A,
CADI DU is defined by (x,t) = A17¢

—ct

X u(x) (c > 0) withlim,_,,, p(t) =1 >0 10,

DADI DU is defined by (x, t) = Al/0+a01 x 4 (x) (a > 0) withlim,_,, $(t) = 1/% >0

In the next section, axiomatic foundations for @listt functions consistent with asymptotic patiesregprovided.

10 2 is a discount factor such tita 1 < 1.



4. The Subjective Discounted Utility

Time discounting reveals the psychological discamfaluced by the waiting of time intervals asstedao postponed
rewards. Thus, time discounting may be explainedhfthe subjective perception of time intervals)edaltime
perception”. Time perception represents a subgdistortion applied to linear time intervals. Tinear time perception
expresses no distortion on future time intervalereds the logarithmic time perception is a sulbedtansformation of
linear time implying that remote time intervals reeghorter than corresponding nearer time interVidas, the time
sensitivity of willingness to wait may be fully damed by time perceptions. For instance, congadegarithmic time
perception that reduces a five year linear delay @oe year subjective delay, then, the DM isngllio wait for larger
additional time to get the higher outcome. In aipres paper, Lapied and Renault (2012) have buibdomatic model,
called Subjective Discounted Utility (SDU), ratitimi;g a large range of Discounted Utility modétowever, strong
impatience was implicitly assumed. As a consequéhesset of Discounted Utilities exhibiting asyoijat patience was
excluded from the discussion. In this section, waegglize this previous result by dropping thenstrampatience
assumption. Doing this, the main theorem of thistige rationalizes any Discounted Utility model. bfgative
Discounted Utility involves two main advantageststtithe SDU provides axiomatic foundations for dby
representation of time preferences. As we will B&3,) corresponds to SDU with linear time perceptighereas HDU
corresponds to SDU with logarithmic time perceptiBecond, the SDU defines psychological foundatfongime
discounting based on time perception propertiggaiticular, asymptotic patience will be capturgalspecific property
attached to time perception, allowing a clear pretation for the use of zero discount rates.

4.1. Axiomatic foundation for time discounting

Most of technical tools presented in this sectiamehbeen previously introduced in Lapied and Rer§a0L2). We
briefly restate the main definitions that allowtaisepresent time preferences by subjective diseduuriility.

Definition 4.1 (Time Perception)

Time perception is a continuous functipn 2 — P’ such that:

(*) p0)=0
(xx) 0=<t; <t, = p(ty) <p(ty)

Definition 4.2 (Subjective Discounted Utility)

The Subjective Discounted Utility is a discountélityuwhose discount function is described as scaliint
factorA (0 < 1 < 1) applied to a time perceptign V(x,t) € A,

v(x, t) = POy(x) (4.1)

Time perception conditions only require that therao distortion for present and that time ordepresserved. For all
delays t € P, we define linear time perception ap(t) =t and logarithmic time perception as
p(t) =In(1+ at)/a (a > 0). Note that minimal conditions on time perceptioaure thap is invertible. The
SDU representation defines a one-to-one correspoadietween the discount function and the timeepéon: for any
discount functionp, there is a unique time perceptiprsuch thaip(t) = A*®. Therefore, in the SDU model, time



discounting results from two distinct sources: stalint factorl that expresses the initial preference for presedta
time perceptiop (t) that determines how impatience changes with time.

Definition 4.3 (Time aggregative function)

For a given time perceptign, we called time aggregative function the relafibtinat associates to any pair of
delays(t’, t}, such thap(t) + p(t) € P’, the quantity:

F@&,0) = p7(p(t) + () (42)

For the initial indifference(x,0) ~ (v, t), the time aggregative functiofi(t,7) is the value that maintains
indifference when alternatives are delayed thyeriods in the future, that i€x,t) ~ (y,F(t, r)). As a
consequence; (t, t) implicitly indicates how the DM subjectively aggages two delays andt. Note that time
aggregation has no order singé, t) = F(t,t) and is reduced to linear time if one delay is, rititht is,F (0, t) =
F(t,0) =t. Moreover, for linear time perceptiopn(t) =t, the indifference(x,t) ~ (y,t + t) holds and
impatience is constant. Thusyears from now and years starting im years seem equivalent singét,t) =t + 7.
However, for a logarithmic time perceptign(t) = In(1 + t) (@ = 1), the indifferencdx,t) ~ (y,t + 7 + tt)
holds and impatience is decreasing. In this lattese, the DM is willing to wait for an additionatldy tt > 0
when alternatives are delayed tperiods. Thust years starting i years seems shorter thagears from now and
F(t,t) > t + 7.The next axiom, called meta-discounting, introduiiee perceptions in order to rationalize any DU
model.

Axiom Al (Meta-Discounting)

Vvx,y,7 > 0, and for all delays < T s.t.F(t,t) is well defined,

(0~ @)= &t~ (F&?)

In the next section, we will justify that, if thelditional delay belongs to the time tradeoff hamizthen the time
aggregative function is always defined. Axiom Abmesses meta-discounting based on a functionahpteap. The
first indifference defines the DM’s discount fa¢toiThe second indifference determines the natuimmdtience. As a
consequence, in the SDU model, the discount faci®exogenous whereas the willingness to w@i is endogenous
and depends on the expression attributed to timee#on. The next representation theorem showisAtkiam Al
restricts the expression of DU functions on th@&8ubjective Discounted Utility functions.

Theorem 4.4(Subjective Discounted Utility)
Time preference& verify (A0) and (A1) if and only if SDU holds.
Axiom Al has two interpretational keys. The firsterpretation holds when a particular form is detid to time

perception. In this case, Axiom Al restricts thepscof rationality to a single discounted utilitpdel. Assume that the
modeler has in mind some interesting propertiextad to a specific discount function. Then, théardescounting

" Indeed, under DU(x,s) ~ (y,]) @ ¢(1)/p(s) = u(x)/u(y) = A with A =1/(1+7r), where r is the
impatience rate.
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axiom associates to each Discounted Utility a spording axiom. For instance, if the time percepsdineay then Al
becomes the stationarity axiofiix,0) ~ (y,7) = (x,t) ~ (y,t + 7)) and EDU holds. If the time perception is
logarithmic, then Al becomes the specific axic(r(‘vc, O~y =Kkt)~yt+t+ art)) provided by
Loewenstein and Prelec (1992) and HDU holds. Irséimee way, axiom A1l may be used to modelize disdonctions
with asymptotic patience such as CADI DU or DADI DU

Corollary 4.5

Time preferences are represented by DU. Then,

CADI Discounted Utility holds if and only if timegferences: verify Al defined fop(t) = 1 — et (¢ >
0, that is: for all delayg<7;

ln(ect + e — ec(t+‘r))>

(x,0)~(y,r)=>(x,t)~(y,t+r— c

DADI Discounted Utility holds if and only if time rgference verify Al defined for
p(t) =t/(1 + at) (a > 0), thatis: for all delays < T,

x,0~W1)=(xt)~ (y,t+r+art><

(t+1Da+ ZD

1 — tra?

BRW (2009) have provided alternative but equivatetbm for CADI DU (Definition 5.1%. Corollary 4.5 focuses the
study on the case> 0 for which time preferences exhibit decreasing tiepae. For DADI DU, time perception may
be interpreted as a linear time perception psygiwzty curved by an affine transformation of tirfarametes may be
meaningfully interpreted as a distortion coeffiti¢nat is, the measure of the departure of the Diid2ounting function
from constant impatience. Indeed, if parametéends toward zero, then exponential discountisglte Note that, as
parameten tends toward infinity, the discount factor tendwdrd one and there is no discounting anymoreoth b
cases, observe that the time premium is only difmea restricted set of delag/s

4.2. Psychological foundation for time discounting

The second interpretation associated to Axiom Adcems psychological foundations for time discawnand holds
when no expression for time perception is mentioiiégn, SDU is consistent with any DU model. Connigjrtime
equation(2.1) (section 2) with axiom Al, the willingness to waitly rewritten as(t) = F(r,t) —t and measures
the subjective time interval for which the DM idlshdifferent between the two options.

12 BRW (2009) defined the CADI axiom in the follogi way. For allt; < t, < t;, allt > 0 and allx,y,z > 0,

(e, t1) ~ (v, ty), (x,t5) ~ (y, t3) and(y,t; +t) ~ (z,t, + t) imply (y,t, + t) ~ (z,t; + t). Note that this latter
axiom is consistent with any real valeeand includes additional cases in comparison withagiom. For instance, if
t, = (t; + t3)/2, then the CADI axiom is reduced to stationaritytie same way, if the CADI axiom is only defined
fort, < (t; + t3)/2, then the CADI axiom by BRW (2009) is strictly @clent to our axiom.
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Observation 4.6

If time preferencex are represented by SDU atw t;) ~ (v, t,). Then,

(*)  Asymptotic patience (resp. impatience) hdldad only iflim,_,., p(t) = [ with [ a finite number (resp.
lim,_,, p(t) = o).
(¥x) Decreasing (resp. constant, increasing) holdsd only if the time perception is concave (réspar,
convex).

(xxx) Foranyt <T,68(ty,tt) = P_l(P(tz) +p(t+t)— P(t1)) —(t; +0).

The first assertion of Observation 46 provides sound behavioral foundations for strangaitience and for weak
impatience. A DM, whose time preferences exhihiingt impatience, has time perception sufficierglysitive to time to
clearly dissociate very distant time intervals vdifferent lengths. Formally, asymptotic impatiemoglies that, for all
M > 0 and for all delayt, there exists a time intervalsuch thap(t + t") — p(t) > M. On the contrary, a DM whose
preferences exhibit weak impatience has time ptocejpsufficiently sensitive to time and very dist time intervals
with different lengths will be subjectively perced/with equal length. In particular, asymptotidgrate expresses that
there exists a delaysuch that, for alt’,e > 0, p(t +t) — p(t) < &. The two last parts of Observation 4.6 restate
earlier results provided by Lapied and Renault Z20Rroposition(+*) links the nature of impatience with concavity
property of time perceptions. The third propositier«) explains the time sensitivity of impatience frame perception
properties. Rewritten far, = 0, the time premiun®(0,7,t) = F(t,t) — (t + t) may be meaningfully interpreted as
the psychological gap between time aggregativeibmand linear time.

5. Psychological foundations for very distant future

5.1. The timing of time tradeoff horizon

For SDU representation of time preferences, thiagof the time tradeoff horizch is allowed to drastically vary from a
DM to anotherT is infinite if time preferences verify asymptatiapatience and is finite if asymptotic patience holds
(Observation 4.6). In this latter case, the tira€doff horizon may vary from a few weeks to margrgeln the SDU
model, this variability is fully captured by timengeptions that embody the DM'’s ability to représdistant time
intervals. For instance, consider the dated outsdmg20 years) and (y,21 years) that are both delayed by a
minimal twenty year delay. For a DM who is ablelearly represent distant time intervals (one geating after twenty
years seems lengthy), the one year additional defagins sufficiently costly and time tradeoff I®lah this case, the
time tradeoff horizon is very large. On the contréor a DM who is not able to clearly represestatit time intervals
(one year starting after twenty years seems vasit)sithe one year additional delay is not costlynaore and time
tradeoff is fully consumed: in this case, the timagleoff horizon is brief. The next propositionagva simple analytical
expression to time tradeoff horiz&8hwhose psychological foundations are embodied &ylistortions induced by time
perceptions.
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Proposition 5.1

Time preference& are represented by SDU. Assume the initial ineiffee(x, t;) ~ (v, t,), then the time
tradeoff horizon is:

T=p"(l-p(®) G.1)

with[ = lim,_,., p(t) andrt is the initial willingness to waitx, 0) ~ (y, 7).

Proposition 5.1 gives a complete expression toSb&) model leading to a simpler form for axiom Addéed, by
definition 4.3, observe that, for any additionabgle < p=*(1 — p(z)), the time aggregative functidi(z, t) is well
defined. Then, we can rewrite axiom Al in the folllg way:Vx,y > 0,Vt;,t, = 0 andvt < T = p‘l(l - p(’[)),

(x,0) ~(y,t) = (x,t) ~ (y,F(t, T)).

Furthermore, the time tradeoff horizon is outcontpendent and, no matter the periotisandt, are,T only depends
ont that reflects the initial preference for presemt an the particular shape dedicated to the timeepton (including
its limit). By observation 2.3, the initial willimgess to wait exists since if time tradeoff holds in perigdthen, there is
time tradeoff for any delay < t,. By definition 4.1, the inequality(z) < [ is verified for anyr > 0 and the time
tradeoff horizon is well defined. In the proof abposition 5.1, we will show that > t;. When the limitl is infinite
(resp. finite), asymptotic impatience (resp. pat@rholds and the time tradeoff horizon is infirfiesp. finite). Ift; is
going closer ta,, then theT value becomes arbitrary large. In this case, theiDinitially highly impatient and time
tradeoff may be extended for very long delays, Ibecomes arbitrary large, then thevalue gets closer tg. In this
case, the initial indifference is very close topdistant future, so that any additional delaylfptaonsumes time tradeoff
opportunity and leads alternatives into very dishatare.

Proposition 5.1 clarifies the timing of time traffeborizon for all discounted utilities. For stamdadiscounting
(exponential and hyperbolic discounting), the titraleoff horizon is infinite. For DADI DU witte = 1 (hence,
l = 1/a = 1), consider the following indifferendec, 1) ~ (y, 2). Then, by SDUp(t) = p(2) — p(1) = 1/6 and
proposition 5.1 implies thdt = 5. More generally, the time tradeoff horizon maysharply represented for any delays
ty, t,.

Corollary 5.2

Suppose that time prefereneesre represented by SDU and assme;) ~ (v, t,).

In(1 — e~c(tz=t)

If CADI DU holds,thenT =t, — .

WithVt; = 0,t; <T < »

1+ 2at; + a’tyt, . tit,
,WithVt; > 0,t; <
a?(t, —t;) =t

If DADI DU holds,thenT = <T <o

* That is, for anye’,y' > 0 such thai(x ', t,) ~ (¥, t,), the time tradeoff horizon still remaifis= p~*(1 — p()).

This observation is a direct consequence of tharabitity axiom.
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When time preferences are represented by CADI g perception is sufficiently flexible to allownte tradeoff
horizon to take any value gty ; «o[ depending on the value of parametenith lim._,, T(c) = « andlim,_,, T(c) =

t;. However, when time preferences are represent@i DU, the distortion induced by time perceptismestricted

in the sense that only can take any value diGt,t,)/(t, — t;); [, with lim,_, T(a) = 0 andlim,_, T(a) =
(t1t,)/(t, — t;). Therefore, the psychological distortion cannivhielbte any trace of time tradeoff on the entinesti
horizon since there exists an incompressible tirmdebff horizon[0; (t,t,)/(t, — t,)[. For instance, consider the
DADI function defined for any positive parametewith (x, 1) ~ (y, 2). Then, the incompressible time tradeoff horizon
is [0; 2[, that is, time tradeoff holds for any detay 2 no matter the value of parametsis.

In particular, the existence of incompressible ttradeoff horizons indicates that the index intaztuby Prelec (2004)
has limited interpretation restricted to “smalkinals”. The Prelec’s index(t,) is defined for delays, > 0 such that
(x,t) ~ (v, t;) and allows comparisons on the decreasing ratiespattience for small time intervatsaround the;
value. Formally, for two time preferences and =, respectively represented oy (x, t;) = ¢,(t;) X u;(x) and
v, (x, t1) = ¢, () X u,(x), £, exhibits more decreasing impatience tban if, for twice differentiable discount
functions,

b1 ”(f1) ¢1'(f1) 472”(’51) ¢2,(t1)

T ) b P T Ty g

yi(ty) =

The Prelec’s index for hyperbolic discountingyjg(t;) = a/(1 + at;) and BRW (2009) have shown that, for any
positive value of parameter, the index is bounded, thatjs;(t) < t;~! (Observation 3.5). BRW (2009) conclude that
“[...] there is an upper bound to the degree of dasieg impatience with decreasing impatience vamigfiit tends to
infinity” (p.35). For SDU representation of time preferertbesPrelec’s index ig(t;) = — p"(t;)/p (t;) * (Lapied
and Renault 2012). For DADI functions, it is immagdito show that, 4, (t,) = (2a)/(1 + at,) = 2 X yy(t;) (for

a = a) and, consequently, the Prelec’s index is alsatbed: for any delag; > 0, ypp;(t1) < 2/t;. This observation
is not inconsistent with the fact that DADI functsoexhibit weak impatience, that is, for distamtrie, the decrease in
discount rates is not bounded. Indeed, DADI funstionply the existence of an incompressible tiradetoff horizon
and, for any small delay < (t;t,)/(t, — t,), the decrease in the impatience rate is actuallyned. However,
for any sufficient distant delay> (t,t,)/(t, — t,), the decrease in the impatience rate is allowbd &rbitrarily large.

5.2. Additional conditions for time tradeoff

Last, additional conditions for time tradeoff arevided. First, focusing on asymptotic impatiervee,identify the set of
discount functions for which the decrease in thpaitience rate is restricted so that strong deagasipatience is
excluded. In particular, hyperbolic discountingrisluded into this set. Second, focusing on asyticppatience, we
identify the set of discount functions which arfisently flexible to extend time tradeoff for amelay. In particular, this
is the case for CADI discounting.

A patrticular class of discount functions that wesifasymptotic impatience is the set of functidra exclude strong
impatience, that is, discount functions for whibh time premiun®(t,, t,, t) is bounded by x (t, — t;)/t;. BRW
(2009) have shown that hyperbolic discounting eletustrong impatience (Section 3). We provide donatic

14 The twice differentiability of discount functiontils the twice differentiability of time percegmii
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condition, called weak decreasing impatience, whigibles us to identify the set of discount fumetimconsistent with
strong impatience.

Axiome A2 (Weak Decreasing Impatience)

For0 < t; <t, Vx,y > 0andvm > 1
(x,t1) ~ (1, t) = (x,mty) > (y,mty)

Weak decreasing impatience has meaningful intetet Consider the initial indifferenée, t;) ~ (y, t,) and assume
that both outcomes are delayed by the same ambiimea = (m — 1)t,. Axiom A2 says that if the higher outcome is
delayed by the additional delay = (m — 1)(t, —t,), then time preferences turn for the smaller outcoBy
definition, axiom A2 excludes asymptotic patiersiace, for any = (m — 1)t; > 0, time tradeoff may occti As a
consequence, weak decreasing impatience necessalilges discount functions that exhibit consiampatience or
increasing impatience. Indeed, far= (t; +t)/t; > 1, constant impatience or increasing impatience i@spl
(e, t) ~ W, ty) = (x,t; +t) = (y,t, +t). Observe thaint, > t, +t hence, by impatience and by transitivity,
(x,mt;) > (y, mt,). Moreover, weak decreasing impatience is consistith discount functions whose impatience
rate is slowly declining with time, that is, for ish the additional delay' = (m — 1)(t, — t;), so large is it, is
sufficient to induce time tradeoff. The next theorghows that axiom A2 precisely induces the sdtsabunt functions
whose time premium is bounded by (t, — t;)/t;.

Theorem 5.3

Assume that time preferencesare represented by SDU. Then SDU excludes streagasing impatience if
and only if = verify (A2).

Theorem 5.3 generalizes Observation 3.1 by BRWOR@0large range of DU models satisfy axiom A2t stance,
EDU or CADI DU (forc < 0) are consistent with A2 since they exhibit cortsiisapatience or increasing impatience.
For time preferences that satisfy decreasing iepedi, hyperbolic discounting has weak decreasigtiemce. In
addition, Ebert and Prelec (2007) provided a distunction,¢(t) = i (b > 0), called power discounted utility by
Lapied and Renault (2012), that also verifies axi&@rfor any positive parametér Alternatively, we can axiomatize
strong decreasing impatience in the following way.

Axiome A3 (Strong Decreasing Impatience)

For0 < t; < t,, Vx,y > 0,3m > 1 such that

(x,t)) ~ (. ty) = (y,mt;) = (x,mt;)

Strong decreasing impatience includes weak impatiehhe next theorem identifies discount functifanswhich the
time tradeoff equatior(x,t) ~ (y,7+t + 6) is always defined, implying maximal flexibility fotime tradeoff
occurrence.

'> By continuity and impatiencet > 0, (x,t) ~ (y,t + T(®)) with 0 < 7(t) <t' = (m — 1)(t, — t,).
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Theorem 5.4

Time preferences are represented by SDU and carthiedollowing indifferencéx, 0) ~ (y, 7). Then, the
time tradeoff equatioffx, t) ~ (y,t + t + 6) is defined for alt > 0 and all@ > 0 if and only if the time
perceptionp () can take any value de; [[ ({ finite) for any delay.

Theorem 5.4 generalizes Observation 7.1 by BRWIRSIBessing that the time tradeoff equation ismddffor allt > 0
and allé > 0 if CADI discounting holds. For DU models consistevith asymptotic impatience, the time tradeoff
equation(2.2) is only defined for restricted values 6f Then, Theorem 5.4 focuses the analysis on disdonctions
satisfying asymptotic patience and restricts th@esentation of time preferences in two distincyswverirst, time
perceptions are sufficiently flexible to extendditradeoff to very large delays sinceg (f)tends toward zero, the time
tradeoff horizon becomes arbitrary large. Secane perceptions are sufficiently flexible to congsutime tradeoff for
very small delays since, if(7)tends toward, the time tradeoff horizon becomes null. CADI disating is a good
candidate sincim,_,, p(7) = 0 andlim__,, p(t) = 1. On the contrary, DADI discounting is not suffiatig flexible
since it exhibits incompressible time tradeoff hom on which the time premium is bounded. Last tiwit the discount

function ¢(t) = e eP®

condition stressed by Theorem 5.4.

(the functionp, (t) is a time perception such thatn,_,, p; (t) = «) also satisfies the

6. Conclusion

In this paper, an axiomatic condition, called asiptip patience, is defined to characterize veriadisfuture, that is, a
time horizon on which there is no time tradeoffwdwer, standard Discounted Ultilities imply timed&saff and there is
no very distant future. A new DADI discounting rigeprovided, both consistent with time tradeoffifdtial delays and
with asymptotic patience for more distant delagghls case, individual time preferences definedreny distant future
exhibit a zero discount rate. This useful propemyy be used to describe how individual decisionaersakare about
welfare in situations such as global warming, whein impacts will occur only in a few centuries.particular, the
well-known Ramsey'’s rule, which partially dependstte constant discount ratecould be generalized by an alternative
Ramsey'’s rule, where the discount rates not constant anymore and falls to zero for l@ng delays.

Appendix. Proofs

Proof of Observation 2.3

(i) For any dated outcomg, ) (y > 0), impatience impliegy, 0) > (y,7) and, since.(0) = 0, (y,t) > (0,0).
Then, by continuity, there exists a unique outcanf® < x < y) such tha(x, 0) ~ (y, ), wherex is called present
equivalent of dated outconfg, t). If impatience is constant, thert > 0, 7(t) = t and(x, t) ~ (y,t + 7). Assume
now increasing impatience holds, then> 0, (x,t) > (y,t + ) and, by impatience and by monotonicity, there is a
uniquer (t) ((t) < 7) such thafx, t) ~ (y,t + 7(1)).

(ii) Assume that, for a given delay > 0, there is time tradeoff, that &, t,) ~ (v, t, + ©(t,)). Then, fort; < t,,
monotonicity implies(y, t;) > (x,t;) and impatience implieéx, t;) > (x,t,). By transitivity, (y,t;) > (x,t;) >
(y,t, + 7(t,)) and, by continuity and impatience, there is ausnic(t;) (0 < t(t;) < 7(t,) + ¢, — t;) such that
Cot) ~ (7.t + 7).
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(iii) If there is no time tradeoff for delay then, for any > 0, (y, t; + t) > (x, t;). By decreasing impatience, for all
t, > t;, we havdy, t, + t) > (x,t,).

Proof of Observation 3.3

The proof of the first assertion of Observationi8.lBnmediate since, by Observation &3 if impatience is constant or
increasing with time, then there is time tradeorffeny delay.

Assume now that, from a delayconstant impatience or increasing impatienceshdlien, by observation 2.3, there is

time tradeoff for any delay > t, a contradiction with weak impatience.

Proof of Proposition 3.6

(ii) e (iii) If lim,_,, ¢(t) = 0, then, sincep is continuous and strictly decreasing®nfor anyt, € P ande > 0,
there ist, > t, such thatp(t,)/¢(t,) < €. Conversely, assume than,_,,, ¢(t) = L > 0 and, for a real numben
such thatl /L > m > 1, setg(t) = mL. Thus, fore = 1/m > 0,Vt > t, ¢p(t)/p(t) > &, a contradiction with the
squashing property.

(i) © (iii) Monotonicity implies that, for any > 0, (y,t) > (x,t) and, by DU,u(x)/u(y) < 1. Assume that
lim,, ¢(t + t) = 0. Thus, by continuity of the discount functiaft, > 0, ¢(t + t")/$(¢t) € ]0; 1[. Consequently,
3t* > 0 such thatu(x)/u(y) > ¢(t +t*)/¢p(t) and, by DU,(x,t) > (y,t + t*). Assumption AO finally implies
that there exists(t) (0 < 7(t) < t*) such thafx,t) ~ (y, t+ r(t)). Reciprocally, assume tHain,_,., ¢p(t) = L >
0. Chooset > 0 such thatp(t) = L/m (L <m < 1) , thusVt > 0, ¢p(t +t)/¢(t) > m. Therefore, for any pair
of outcomesx,y > 0 such thatu(x)/u(y) = m~ < m, the inequalityu(x)/u(y) < ¢(t +t)/p(t) results, a
contradiction with time tradeoff.

Proof of Theorem 4.4
Observe first that ip(t) + p(t) < I then the time aggregative function is well defired there is time tradeoff for
periodt. By Lapied and Renault (2012) (Theorem 2), we dedloe SDU representation for time preferences.

Proof of Corollary 4.5
The proof of corollary 4.5 is directly deduced fronTheorem 4.4. For DADI functions,

6 = art X ((t +1)a+ 2) /(1 — tra?). Then, the time premium associated to DADI fumstideparts from the time
premium linked to hyperbolic functioi@ = att) by an extra fact((r(t +17)a+ 2) /(1 — tra?). Moreover, note that,
in both cases, time premiums are defined for aatest set of additional delaythat reflects that time tradeoff cannot be
extended for very distant future. For CADI axidiris well defined it < 7 —In(e* — 1)/c ande“(1 — e*) <1 —

e implies tha® = — In(e + e°® — e°“*?) /c > 0. For DADI functionsg is well defined ift < 1/(a?t), hence

6 = art x ((t +)a+2)/(1 —tra?) > 0.

Proof of Observation 4.6

The proof of assertiofx) results from Proposition 3.3 and Theorem 4.4.drbef of assertioiG+*) is given by Lapied
and Renault (2012) (Theorem 3). Last, assume fiatedff fort; andt, + ¢, that is(x, t;) ~ (y,t,) and(x, t; +
6)~ (7,6 + t +0(ty, 65, 1)). By SDU, we havep(t,) — p(ty) = p(t, +t + 0) — p(¢; + ¢) and assertion(xsx)
holds.
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Proof of Proposition 5.1

Assume(x, t;) ~ (y, t,), then, by Observation 2.3, there exists a delaych tha(x, 0) ~ (v, t). By SDU, we have
p(t,) — p(ty) = p(r). Moreover, by Observation 4.6, there is time wéfdé p(t,) + p(t; +t) — p(ty) <, thatis,
if t,+t<p t(l+p(ty) —p(t) =p (1 - p()). The delayT = p~1(I — p(r)) indicates the time tradeoff
horizon and the deldy — t; = p_l(l - p(T)) —t, indicates the set of additional delayf®r which time tradeoff in
periodt; may be extended.

Note that :

(1) pt) —p(t) <O=1+p(t) —p(ty) <!

(2) L=p(t) >0=1+p(t;) —p(t;) >0

B) I=pt)>0=p i+p(t) —pt)]>t; =T >t
(4’) llml_,wT(l) = o0, liml_,p(tz) [T(tz) - tl] = O, limtz_,w[T(tz) - tl] = O, limtl_,tz [T(tz) - tl] = 400

Conditions(1) and(2) imply that the time tradeoff horizdh is well defined and3) implies thatT is higher thart,
since we assume time tradeoff for perigdMoreover,(4) implies that, a$ tends toward infinity, the choice structure
switches to the asymptotical impatience case antfemds towargh(t,), the first indifference is very closed to very
distant future. In addition, the smaller (respgda) the difference between andt, is and the larger (resp. smaller) the
time tradeoff horizon is.

Proof of Corollary 5.2
By proposition 5.1, the proof results from strafigihward algebraic manipulations not given here.

Proof of Theorem 5.3

For SDU representation of time preferences, A2qisvalent top(ml) — p(ms) > p(l) — p(s) (m > 1), which
defines a particular class of time perceptions.shtv that this class gathers precisely the setnef perceptions that
exclude strongly decreasing impatience. Assumedidshthen, by definition of time perceptiong [ impliesp (1) —
p(s) > 0. For all k> 0, let us multiply the two periods both by = (s + k)/s > 1, so p(I(s + k)/s) —
p(s+k)>0. Then A2 impliesp(l) — p(s) < p(l(s+k)/s)—p(s+k), that isp(l) — p(s) + p(s + k) <
p(L(s +k)/s). By definition of time perception agaim=*(p(1) — p(s) + p(s + k)) <1 (s + k)/s and, by
definition of time premiumg (s, , k) = p~*(p() — p(s) + p(s + k)) — (L + k). As aresultd (s, L k) + (I + k) <
l(s+k)/s, that isf(s,l, k) < k (I — s)/s. Reciprocally, assume < k (I — s)/s and let us show that A3 holds.
Assume (x,s) ~ (y,1), then, for all periodk < K, SDU impliesp(l + k +8) — p(s + k) = p(l) — p(s). By
hypothesis,f < k (I —s)/s and, by definiton of time perceptiop(l + k +k (Il —s)/s) — p(s+ k) > p(l) —
p(s), that is p(l+1xk/s)—p(s+k)>p(l)—p(s). Setting k =(m—1)s (m > 1), p(ml) — p(ms) >
p(1) — p(s) and A2 results.

Proof of Theorem 5.4
First, note that if asymptotic impatience holdis (nfinite), then the time premium is bounded.a2sonsequence, we will
focus on the case of asymptotic patierias finite). By Proposition 5.1 = p_l(l - p(r)). By definition 4.1p71 is

continuous and strictly increasing [y I[. Thus,T is continuous and strictly decreasing withr) € 10; [].
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First, assume that(z) can take any value d;[[. If p() tends toward zero, then the time tradeoff horiZdends
toward infinity and ifo(7) tends toward thé value, then the time tradeoff horiz6rtends toward zero. Continuity and
strict monotonicity of time tradeoff horizon imptijat T can take any value oj®; ©[. As a consequence, for any
additional delay > 0, we can defind such that < T and the time tradeoff equation is well defined.rédwer, for a
given additional delay, there exists a unique € ]0; I[ such that, whep(t) tends towarg:*, the time tradeoff horizon
T tends towards. Then, forp(7) € 10; u*[, we havel’ € |t; .

Lemma 1¥7 > 0,lim,_ 0(0,7,t) = ©
Proof of Lemma 1. Weak impatience implies that 7 — [0;I[. By Proposition 5.1T = p_l(l - p(r)) and, by
Observation 4.60(0,7,t) = p~1(p(7) + p(t)) — (z + ), solim,_; 6(0,7,t) = lim,,; p~2(t) = oo.

By lemma 1, the time premiu{0, 7, t) becomes infinite a8(t) is going closer t*. In addition, by observation 4.6,
lim,,)-0 8(0,7,t) = —7. Note that Lemma 3.2 by BRW (2009) indicates it assumptions imply > —7 and

6 > —t and observe that, if < 7, that isp(t) < p(7), thenp(z) - 0 impliesp(t) — 0 andlim, ), 6(0,7,t) =
—t. Then, there exists a unique € ]0; u*[ such that, whep(t) tends toward,, the time premiun® tends toward
zero. Consequently, far(t) € Ju,; u*[, we haved € ]0; oof.

Reciprocally, assume that the time perceptionaenadnly a restricted set of values|onl[. For instance, consider first
p(@) et orp(r) €10;tF[with0 <t~ <ttt <, thenp™*(I—-t")>T > p (I —t*). As a consequence,
there is an incompressible time tradeoff horigbr> p~*(1 — t*)) and, for any additional > p~(l — t~), the time
tradeoff equation is not defined. Second, remask the casep(t) € 10;I[ — [t7;t*], with 0 <t~ <t* <, is
reduced to the case pftr) € |t~; [[ since, by definition, if time tradeoff horizonrist defined fop () = t~, then time

tradeoff horizon is not defined for anysuch thap(t) = t' < t~.
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