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For (Xt) a two-sided a-stable moving average, this paper studies the conditional
distribution of future paths given a piece of observed trajectory when the process
is far from its central values. Under this framework, vectors of the form Xt =
(Xt=m, ..., Xt, Xt+1, ..., Xt+h), m = 0, h = 1, are multivariate a-stable and the
dependence between the past and future components is encoded in their spectral
measures. A new representation of stable random vectors on unit cylinders {s €
RAm+h+1) : ||s|| = 1} for ||-|| an adequate seminorm is proposed to describe the
tail behaviour of vectors Xt when only the first m + 1 components are assumed to
be observed and large in norm. Not all stable vectors admit such a
representation, and (Xt) will have to be 'anticipative enough' for Xt to admit one.
The conditional distribution of future paths can then be explicitly derived using the
regularly varying tails property of stable vectors and has a natural interpretation in
terms of pattern identification. Through Monte Carlo simulations, we develop
procedures to forecast crash probabilities and crash dates and demonstrate their
finite sample performances. As an empirical illustration, we estimate probabilities
and reversal dates of El Nifio and La Nifia occurrences.
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Executive summary

Stochastic processes that depend on the "future" values of an independent and identically
distributed (i.i.d.) sequence, often referred to as anticipative, have experienced growing
interest. This interest has been driven by their convenience in modeling exotic patterns in
time series, such as explosive bubbles in financial prices. These anticipative processes are
well known as solutions to the rational expectations model and as a method to address non-
fundamentalness in macroeconometric literature. More recently, they have been considered
an effective tool for modeling climate variables associated with extreme weather events, such
as global sea level, greenhouse gas (GHG) emissions, global temperature, sea ice area, and
various natural ocean oscillation indices (e.g., the Southern Oscillation Index, SOI).

Due to climate change, the frequency and strength of these extreme weather events are
increasing. Predicting these shocks is of primary interest, as it provides numerous societal
benefits, from extreme weather warnings to agricultural planning. However, while the
estimation aspect of these anticipative processes is well-covered, the appealing flexibility of
these processes cannot yet be fully leveraged. Their dynamics, particularly the conditional
distribution of future paths given the observed past trajectory, remain largely unexplored. This
limits the applicability for applied prediction purposes.

In this paper, we propose a new representation for general two-sided stable MA processes
using a semi-norm. The conditional distribution of future paths can then be explicitly derived
using the regularly varying tails property of stable vectors and has a natural interpretation in
terms of pattern identification. This leads to some interesting results: under certain
persistence conditions in the anticipative part, the crash date or reversal date could be
determined with certainty. This is highly relevant for climate variables and is linked to the
concept of tipping points.

Through Monte Carlo simulations, we develop procedures to forecast crash probabilities and
crash dates and demonstrate their finite sample performance. As an empirical illustration, we
estimate reversal probabilities and dates of El Nifio and La Nifia occurrences.

To replicate the numerical and empirical results presented in the paper and to demonstrate
the generality of our approach, we have developed a web application (link to the web app).
This application enables users to replicate our findings, explore examples of simulated
trajectories, and apply our methods to other time series, particularly in the fields of
macroeconomics, finance, and climate science.



https://marforecast.streamlit.app/

1 Introduction

Stochastic processes depending on the “future” values of an independent and identically dis-
tributed (i.i.d.) sequence, often referred to as anticipative, have witnessed a recent surge of
attention from the statistical and econometric literature. Historically, the growing interest in
this process has been driven by its convenience for modelling exotic patterns in time series, such
as explosive bubbles in financial prices (Hencic and Gouriéroux, 2015; Fries and Zakoian, 2019;
Gouriéroux and Zakoian, 2017; Hecq et al., 2017a; Cavaliere et al., 2017; Gouriéroux and Jasiak,
2017; Hecq et al., 2020; Fries, 2021; Hecq and Voisin, 2021). This anticipative process-known as
the solution to the rational expectations model (Gourieroux et al., 2020)-has also been explored
as a method to address non-fundamentalness in the macroeconometric literature (Lanne and
Luoto, 2013; Gouriéroux et al., 2019; Chahrour and Jurado, 2021; Hecq et al., 2024) and as an
effective tool for modelling climate variables associated with extreme weather events, such as
global sea level, greenhouse gas (GHG) emissions, global temperature, sea ice area, and various
natural ocean oscillation indices (e.g., the Southern Oscillation Index, SOI), see e.g., Gianca-
terini et al. (2022). Despite the fact that the estimation aspect is well-covered in both univariate
and multivariate settings (see Andrews et al., 2009; Lanne and Saikkonen, 2011; Behme, 2011;
Behme et al., 2011; Lanne and Saikkonen, 2013; Hecq et al., 2016; Chen et al., 2017; Fries
and Zakoian, 2019; Hecq et al., 2017b; Cavaliere et al., 2017; Velasco and Lobato, 2018; Hecq
et al., 2020; Gouriéroux and Jasiak, 2016, 2017; Gourieroux and Jasiak, 2023), the appealing
flexibility of anticipative processes cannot yet be fully leveraged. Their dynamics—particularly
the conditional distribution of future paths given the observed past trajectory—remain largely
unexplored. The absence of closed-form formulas has prompted the literature to propose nu-
merical approaches (see Lanne et al., 2012; Lanne and Luoto, 2016; Gourieroux et al., 2021a,b).
Unfortunately, these algorithms, while based on attractive heuristics, lack strong theoretical
foundations and offer no guarantees of soundness or accuracy. Moreover, as noted by Hecq
and Voisin (2021), they are computationally intensive for larger prediction horizons and fail to
accurately capture the dynamics during explosive episodes.

An exception is the anticipative a-stable AR(1) process, for which partial results were ob-
tained in Gouriéroux and Zakoian (2017) and later completed in Fries (2021).1 Even in the
simplest case within the family of anticipative processes, future realizations exhibit a complex
dependence on the observed past. This is reflected in the functional forms of the conditional

L Gourierowx and Jasiak (2024) proposed a closed-form solution for the predictive density within a general

semi-parametric anticipative framework. However, their approach ultimately relies on numerical approximation

using a kernel estimator.



moments, which are generally nonlinear. Interestingly, the dynamics of the anticipative stable
AR(1) process simplify during extreme events, appearing to follow an explosive exponential
path with a determined killing probability. This naturally raises the question of whether, and
in what form, such behavior might occur in more general stable processes. For X; a two-sided

moving average, defined by

Xy =) diersk (1.1)
kez

where (g;) is an i.i.d. a-stable sequence and (dj) is a sequence of non-random coefficients,
this paper examines the conditional distribution of future paths—specifically, (X;y1,..., Xiip)
given the observed trajectory (Xy—m,...,Xy) with m > 0 and h > 1 —when the process
deviates significantly from its central values. Only mild summability conditions are assumed
on the sequence (dj), and in particular, we do not make any assumptions upfront about the

anticipativeness or non-anticipativeness of (X;). Under this general framework, any vector of

the form Xy = (X¢—m, ..., X¢yp) is multivariate a-stable and its distribution is characterised
by a unique finite measure I' on the Euclidean unit sphere S,, 51 = {s € R™Th 1. 5|, =
1}, where || - || denotes the Euclidean norm (Theorem 2.3.1 in Samorodnitsky and Taqqu

(1994)). The measure I' completely describes the conditional distribution of the normalized
paths X/|| X¢||e, which represents the “shape” of the trajectory, when X} is large according
to the Euclidean norm and given some information about the observed first m + 1 entries. A
straightforward application of Theorem 4.4.8 by Samorodnitsky and Taqqu (1994) indeed shows
that

I'(AnNB)

P(X./|IXille € A | [Xille > @ and X, /| X ]| € B) —» @ (1.2)

for any appropriately chosen Borel sets A, B C S,,,1p+1. As such, however, (1.2) is of limited
value for prediction purposes, where only X;_,,,..., X are assumed to be observed. This is
because the conditioning generally depends on the future realizations Xy41, ..., X;1p, mainly

through the Euclidean norm of X;. The idea developed here is to obtain a version of (1.2)

where the Euclidean norm is replaced by a seminorm || - || satisfying

||($*m7 sy L0y XLy - - ,ZL‘h)H = ||(:L'*m> o5 20,0, 70)H7 (13)
for any (x_pm,...,xp) € R™+h+1 Tn this context, a new representation of stable random vectors
on the “unit cylinder” C’Tlll'!_h_s_l = {s € R+l . |s]| = 1} is explored, where || - || is such a

seminorm. Contrary to representations involving norms (see Theorem 2.3.8 in Samorodnitsky
and Taqqu (1994)), not all stable random vectors can be characterized on unit cylinders, and a

representation theorem is provided. It is shown that X; admits a representation by a measure



'l on Cr|).1‘+h+1 if and only if (X;) is “anticipative enough”. The equation (1.2) is then shown to
hold with an adequate seminorm and with T' (resp. Sy, 1) replaced by Tl (resp. Crmrh 41)
The problem finally comes down to choosing the appropriate Borels B in (1.2) reflecting that
only the past “shape” (Xy—m,..., X¢)/||X¢|| is observed.

The use of (1.2) to infer the future paths of (X}) is related to the so-called spectral process
introduced by Basrak and Segers (2009), which has opened a fruitful line of research (see, for
instance, Basrak et al. (2016); Dombry et al. (2017); Janflen (2019); Janfen and Segers (2014);
Meinguet and Segers (2010); Planini¢ and Soulier (2017)). This spectral process is defined as
the limit in distribution of a vector of observations from a multivariate regularly varying time
series, conditionally on the first observation being large. The approach followed here differs
in that it operates at the representation level of a-stable vectors, establishing a link between
the spectral representation and the tail conditional distribution of stable linear processes, while
shedding light on the (un)predictability of their extremes. A natural interpretation of path
prediction in terms of pattern identification emerges from (1.2) when applied to stable linear
processes.

Section 2 characterizes the representation of general a-stable vectors on seminorm unit cylin-
ders and shows that (1.2) can be restated under this new representation. Focusing on a-stable
processes defined by 1.1, Section 3 studies under which condition the vector (X;—ym, ..., X¢in)
admits a representation on the unit cylinder C’Lllu_ ne1- The anticipativeness of (X) interestingly
emerges as a necessary condition for such a representation to exist. Section 4 leverages (1.2) to
analyze the tail conditional distribution of specific processes: the anticipative AR(1), AR(2),
and the anticipative fractionally integrated process. For the last two processes, it appears pos-
sible to determine, in theory with certainty, the dates of extreme events, provided the current
pattern is properly identified. Section 5 presents a set of Monte Carlo simulations that illustrate
how this pattern identification can be practically applied to accurately predict future trajecto-
ries. In particular, we propose simple procedures to forecast crash probabilities and determine
crash dates. In Section 6, we demonstrate the empirical relevance of our theoretical results
through a climate forecasting exercise. Specifically, we predict the occurrences of El Nifio and
La Nina, as well as their reversal dates, using the Southern Oscillation Index (SOI) data.” To
replicate the numerical and empirical results presented in the paper and to demonstrate the

generality of our approach, we have developed a web application. This application enables users

to replicate our findings, explore examples of simulated trajectories, and apply our methods to

2
Data and methodology are available at: https://www.ncei.noaa.gov/access/monitoring/enso/soi
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other time series, particularly in the fields of macroeconomics, finance, and climate science.
Section 7 concludes the paper. Complementary empirical results are provided in Appendix B,

and the proofs are collected in Appendix C.

2 Representation of stable random vectors on unit cylinders

We start with a review of the characterization of stable random vectors on the Euclidean unit
sphere. First, we recall that a random vector X = (X7,..., Xy) is defined to be a stable random
vector in R? if and only if, for any positive numbers A and B there is a positive number C' and

a deterministic vector D € R® such that
AXW 1 Bx® L ox 1 p,

where XM and X® are independent copies of X. Furthermore, if X is stable, then there
exists a real number a € (0,2] such that the above relation holds with C' = (A* 4+ B*)'/* and
X is referred to as a-stable. The Gaussian case (o = 2) is henceforth excluded.

For, X an a-stable random vector with 0 < a < 2, one can define a unique pair (T, u?),

where T is a finite measure on Sy and p® a non-random vector in R?, such that,

[ 0] = exp{ — Vw17 (1= stz () (o, (o ) ) () 4 u°>}, Vu € RY,
(2.1)

where (-,-) denotes the canonical scalar product, w(a,s) = tg (%), if a # 1, and w(l,s) =
—% In |s| otherwise, for s € R. The pair (I', u°) is called the spectral representation of the stable
vector X, I is its spectral measure and pu° its shift vector. In particular, X is symmetric if and
only if u® = 0 and I'(A) = T'(—A) for any Borel set A in Sy (Theorem 2.4.3 in Samorodnitsky
and Taqqu (1994)), and in that case

E{e““’xq = exp{ —/S |(u, s>\°T(ds)}, Yu € RY. (2.2)

The representations (2.1) and (2.2) of a stable random vector involves integration over all
directions of Rd,4 parameterized here by the unit sphere with respect to the Euclidean norm.
Proposition 2.3.8 in Samorodnitsky and Taqqu (1994) shows that the unit sphere with respect
to any norm can be used instead, provided a change of spectral measure and shift vector.

3
The web application is available at the following link: https://marforecast.streamlit.app/?utm_medium=

oembed
(]

By direction of R%, we mean the equivalence classes of the relation “=” defined by: u = v if and only if

there exists A > 0 such that u = Av, for u,v € R%.



We explore alternative representations where integration is carried out over a unit cylinder
relative to a seminorm. However, for a given seminorm, not all stable vectors admit such a

representation, motivating the following definition.

Definition 2.1 Let||-|| be a seminorm on R, C'Ji"” = {scRe: |s|| =1} be the corresponding

unit cylinder, and let X = (X1,...,Xq) be an a-stable random vector.

(1) Asymmetric case:
In the case where X is not symmetric, we say that X is representable on C'Cli'” if there
exists a non-random vector “ﬁ'H e R? and a Borel measure TI'l on C(g'H satisfying for all
u € RY

/ (s, 8)|°TH (ds) < 40, (2.3)
C

II-1
d

ifa#1, and ifa=1,

[(u, 8)]| (e, 8)] [T (ds) < +o0, (2.4)

J:

such that the joint characteristic function of X can be written as in (2.1) with (Sy, T, u°)
replaced by (Cy |, TV, puf ).

l-1
d

(te) Symmetric case:
In the case where X is symmetric a-stable (SaS), 0 < o < 2, we say that X is repre-
sentable on CQ'H if there exists a symmetric Borel measure TI'l on C’w satisfying (2.3)
such that the joint characteristic function of X can be written as in (2.2) with (Sg,T")
replaced by (C’(g'H,F”'”).

The integrability conditions (2.3)-(2.4) ensure the validity of the above definition, as they ac-
count for the unbounded nature of unit cylinders. The following proposition begins by char-

acterizing stable random vectors that can be represented on a unit cylinder defined by a given

seminorm.
Proposition 2.1 Let | - || be a seminorm on R and C’0|l|'H be the corresponding unit cylinder.
Denote KI'l = {2 € Sy : ||z|| = 0}. Let also X be an a-stable random vector on R with spectral

representation (I', u°) on the Euclidean unit sphere (with u® = 0 if X is SaS). If a # 1 or if
X is 518, then
X is representable on Cg'” — F(KH'”) =0.

If a =1 and X is not symmetric, then

X is representable on CE'H = /
Sq

In ||s]| ‘F(ds) < 400.



Moreover, if X is representable on C'(IJZ"H, its spectral representation is then given by (I‘”'H, p,ﬁ_”)

where

rll(ds) = s} 2T o T (ds)

with T = Sa \ Kl — Clll'H defined by Tj.|(s) = s/|sl, and

0 un?, if a#l or if X is S1S,
g =
H pl+ i, if a=1 and X is not symmetric,
2
o= (f1;), d ~A:——/ il I'(ds), j=1,...,d.
B=(fi;) an = =2 fonmnn ™ n|s||T'(ds),

It can be noticed from Proposition 2.1 that the representability condition in the case
a = 1 and X is not symmetric, is slightly stronger than that in the other cases. Indeed,

S IIHHSH‘F(dS) < Js,
‘ln ||s||‘ = +oo for s € KlI'll,

lanH‘F(ds) < 400 necessarily implies that T(KI'l) = 0 since

Remark 2.1 The case d = 2 is particularly insightful. In light of (1.2), the spectral measure
of the a-stable vector (X7, Xs) characterizes its likelihood of being in any particular direction
of R? when it is large in norm. Since unit spheres relative to norms encompass all directions in
R?, spectral measures on such spheres can capture any potential tail dependence of (X7, X5).
However, unit cylinders do not span all directions in R? and therefore, spectral measures on such
cylinders encode less information. Consider for instance the unit cylinder Cg'” = {(s1,82) €
R? : |s;| = 1} associated to the seminorm such that ||(z1,22)|| = |z1| for all (z1,z2) € R2.
It is straightforward to observe that Cél'” spans all directions of R? except for those of (0,—1)
and (0,+1). A stable vector (X1, X2) will admit a representation on C’g'” if these directions
are irrelevant for characterizing its distribution, that is, if F({(O, —-1), (0, +1)}) = 0. In terms
of tail dependence, the latter condition intuitively implies that realizations (X7, Xo) where X»
is extreme and X; is not, almost never occur (i.e., they occur with probability zero). The
conditions I'({(0,—1),(0,4+1)}) = 0 and [g |In|s||T'(ds) < 400 can also be related to the
stronger condition ensuring the existence of conditional moments of X5 given X as discussed
in Cioczek-Georges and Taqqu (1994, 1998) - see also Theorem 5.1.3 in Samorodnitsky and
Taqqu (1994). This stronger condition requires that I' is not too concentrated around the points
(0,£1). Specifically, assuming [g, |s1|7"I'(ds) < +oo for some v > 0, then E[|X2|7|X1] < +o00
for v < min(a+ v, 2a+ 1), even though E[|X2|%] = 4o00. If this condition holds for some v > 0,

then both of the aforementioned conditions must necessarily be satisfied.

Provided that the appropriate representation exists, (1.2) holds with seminorms instead of
norms. This forms the foundation for studying the tail conditional distribution of stable pro-

cesses and leads to the following proposition:



Proposition 2.2 Let X = (X1,...,Xy) be an a-stable random vector and let ||-|| be a seminorm
on R, If X is representable on C”'H, then for every Borel sets A, B C Cc‘l"” with Tl (8(14 N
B)) =TI(@B) =0, and TI(B) > 0,

rll(4n B)

P AIB) 2 —FiiiE)

(2.5)
where OB (resp. O(AN B)) denotes the boundary of B (resp. AN B), and

X X
Pl x, A|B ::IP’(EA‘ X >x,€B>.
(X, A1B) = F{ 1z € 41X 1> = %

3 Unit cylinder representation for the paths of stable linear

processes

Given a seminorm, Proposition 2.2 is only applicable to stable vectors that are representable on
the corresponding unit cylinder. This section investigates under which condition on an stable
moving average (X;) vectors of the form (Xy_,,,..., Xy, Xyt1,. .., X¢rn) admit such represen-
tations. A characterization is proposed and extended to linear combinations of stable moving
averages. Any seminorm satisfying (1.3) could be relevant for the prediction framework men-
tioned in the introduction. However, to simplify the discussion and avoid considering numerous

cases for all possible kernels, we restrict attention to seminorms such that
(@—my .oy xo, @1, xp)]| =0 <= z_py=... =20 =0, (3.1)

for any (z_pm,...,x,) € R™"*1 which in particular satisfy (1.3). As an example, seminorms
on R+ satisfying (3.1) can be naturally derived from norms on the m + 1 first components

of vectors. For any p € [1,400], one can, for instance, consider seminorms of the form || - ||

defined by
0 1/p
e T N G D10 I
i=—m
for any (z_p, ..., 20,21, ..., 7s) € R™"+1 with by convention (30, ’xi’p)l/p = sup |z
—m<i<0
for p = 400.

Now, assuming any seminorm satisfying (1.3) and (3.1), we consider (X;) the a-stable mov-

ing average defined by

Xt = Z dkEt—‘rka &t ZZ\’d S(aa ﬁ7 g, 0) (32)
kEZ

with (dy) a real deterministic sequence such that

if a#1 or (o,8)=(1,0), 0<)Y |dg|* <400, forsome s€ (0,a)n[0,1], (3.3)
kEZ



and

if a=1 and B0, 0< > Jdil| I [di] | < +oc. (3.4)
k€EZ

Letting for m > 0, h > 1,
Xt = (thma"' 7Xt7Xt+1a" '7Xt+h)a (35)

it follows from Proposition 13.3.1 in Brockwell and Davis (1991) that the infinite series converge
almost surely and both (X;) and X are well-defined and the random vector X; is multivariate
a-stable. Denoting dy, := (dgtm,---,dg,dg—1,--.,dx_p) for k € Z, the spectral representation

of X on the Euclidean sphere is given by (I', u°) with

r=o®Y ng”dkH?(S{ 9d, } (3.6)

veS1 kEZ
e Il
2
p’ =1y =By dipln||dif,
T
kEZ
where wy = (1+95)/2, S1 = {—1,+1}, 0 is the Dirac mass and by convention, if for some k € Z,
di =0, i.e. ||dg|le = 0, then the kth term vanishes from the sums. Notice in particular that for
B =0, it holds that w_; = w,; = 1/2, u° = 0, and both the measure I and the random vector
X are symmetric. The following representation theorem characterizes the representability of

X on a unit cylinder for fixed m and h.

Theorem 3.1 Let X; satisfy (3.2)-(3.5) and let ||-|| be a seminorm on R™T+1 satisfying (3.1).
For a# 1 or (o, 5) = (1,0), the vector Xy is representable on CTHé” if and only if

+h+1
Vk € Z, [(dk+m,...,dk):0 — W<k-1, dy=0|. (3.7)
For a =1 and 8 # 0, the vector X; is representable on Cqmrhﬂ if and only if in addition to

(3.7), it holds that

Z HdkHe

keZ

In (i /[di]e )| < +oe. (3.8)

In the cases, a # 1 and («, ) = (1,0), the representability of X; on a seminorm unit cylinder
depends on the number of observation m + 1 but not on the prediction horizon h.° This is
particularly important for the applicability of Proposition 2.2 when studying the conditional
dynamics of a given stable moving average. Indeed, this proposition relies on seminorms instead
of norms, meaning that we use only a portion of size m 4 1 of an observed path. This leads to
the notion of past-representability, stated by the following definition:

5
The case a = 1, 8 # 0 is more intricate, as the roles of m and h in the validity of the additional requirement

(3.8) are not as clear-cut.



Definition 3.1 Let (X;) be an a-stable moving average satisfying (3.2)-(3.4). We say that the
stable process (X;) is past-representable if there exists at least one pair (m,h), m >0, h > 1,
such that Xy = (X4, ..., X4, Xit1, ..., X¢ap) is representable on CH'|—|‘rh+1 for any seminorm

m

satisfying (3.1). For any such pair (m, h), we will say that (X;) is (m, h)-past-representable.

Definition 3.1, holds for any seminorm satisfying (3.1) because it ensures that all these semi-
norms have the same kernel. Moreover, it is straightforward to observe that this definition
holds for any m’ > m, because if (3.7) is true for some m > 0, it is true for any m’ > m.
Thus, the notion of past-representability can be defined independently of the particular choice
of a seminorm but relies on the existence of at least one m, for which the considered process is

6 . . . . .
(m, h)-past-representable.” The following proposition provides this characterization.

Proposition 3.1 Let (X;) be an a-stable moving average satisfying (3.2)-(3.4).

() With the set M={m >1: 3k €Z, diym =...=dry1 =0, di # 0}, define
M, if M#D,
o — sup if # (3.9)
0, if M=0.

(a) For a« # 1 or (o, B) = (1,0), the process (Xy) is past-representable if and only if
mo < 400. (3.10)

Moreover, letting m > 0, h > 1, the process (X;) is (m, h)-past-representable if and only
if (3.10) holds and m > my.

(b) For aa =1 and 8 # 0, the process (Xy) is past-representable if and only if in addition
to (3.10), there exist an m > mq and an h > 1 such that (3.8) holds. If such a pair (m,h)

exists, (X¢) is then (m, h)-past-representable.

(ee) Let || - || a seminorm satisfying (3.1) and assume that (X¢) is (m, h)-past-representable
for some m > 0, h > 1. The spectral representation (FH'”,MH'H) of the vector Xy =
(Xi—my ooy Xty X1, oo, Xiogn) on thﬂ is then given by (3.6) with the Euclidean norm

| - |le replaced by the seminorm || - ||.

It can be noted, that mo = 0 if and only if for some kg € Z U {—o0}, d # 0 for all k > ko and
di = 0 for all k < kg.

Proposition 3.1 shows that for an a-stable moving average to be past-representable, sequences

6
This will not be true in general under the weaker assumption (1.3) and different notions of representability

of a process could emerge depending on the kernels of the seminorms.



of consecutive zero values in the coefficients (dj) must be either of finite length or infinite to
the right. This surprisingly makes the anticipativeness of a stable moving average a necessary
condition, and sufficient for a # 1 and («, 8) = (1,0), for its past-representability. The less
anticipative a moving average is (i.e., the larger the gaps of zeros on its forward-looking side),
the higher m must be chosen to ensure the representability of (X;—p,,..., X, Xiv1, ..., Xegn)
on the appropriate unit cylinder. Purely non-anticipative moving averages are, in particular,

immediately ruled out. This property is demonstrated in the following corollary.

Corollary 3.1 Let (X;) an a-stable moving average satisfying (3.2)-(3.4). If (X) is purely

non-anticipative, i.e., dy = 0 for all £ > 1, then (X;) is not past-representable.

Corollary 3.1, sheds light on the predictability of extreme events in linear processes. For
illustration, we consider the following two a-stable AR(1) processes, defined as the stationary

solutions of:

X = pXig1 + &4, vVt € Z, (311)

Y: = pYio1 + e, vVt € Z, (3.12)

where 0 < |p| < 1, and (&), (n:) are independent i.i.d. stable sequences. While (X;) generates
bubble-like trajectories —explosive exponential paths eventually followed by sharp returns to
central values—, the trajectories of (Y;) feature sudden jumps followed by exponential decays. In
both processes, an extreme event results from a large realisation of an underlying error €, or 7,
at some time 7. On the one hand, for the non-anticipative AR(1) process (3.12), a jump does
not manifest any early visible signs before its date of occurrence, as it is independent of the
past trajectory. Jumps in the trajectory of (Y;) are unpredictable, and one only has information
about their unconditional likelihood of occurrence. On the other hand, for the anticipative
AR(1) process (3.11), extremes do manifest early visible signs and are gradually reached as
their occurrence dates approach. The past trajectory is informative about future extreme events,
and, in particular, it is more informative than their plain unconditional likelihood of occurrence.
Building on the “information encoding” interpretation of spectral measures given in Remark
2.1, the fact that (X;) (resp. (Y;)) is past-representable (resp. not past-representable) can be
seen as a consequence of the dependence (resp. independence) of future extreme events on past

ones. The following Corollary 3.2 states the condition for past-representability for ARMA.
Corollary 3.2 Let (X;) be the strictly stationary solution of

U(F)®(B)X, = O(F)H(B)z,, e "5 S(a, B, 0,0),
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where ¥, ®, O, H are polynomials of arbitrary finite degrees with roots located outside the
unit disk and F' (resp. B) is the forward (resp. backward) operator: FX; := X;.1 (resp.
BX; := X;_1). We suppose furthermore that ¥ and © (resp. ® and H) have no common roots.
Then, for any « € (0,2) and § € [—1, 1], the following statements are equivalent:

(¢) (Xy) is past-representable,

() deg(¥) =1,

(eer) mo < 400,

with mg as in (3.9). Moreover, letting m > 0, h > 1, the process (X;) is (m,h)-past-

representable if and only if m > mg with mg < +oc.

For the ARMA process, the past-representability condition simplifies and is equivalent to
the autoregressive polynomial having at least one root inside the unit circle. Also, only the
roots of the AR polynomial matter for past-representability, the MA part having no role. In the
noncausal literature, if © = H = 1, it is called a mixed-causal process M AR(p, q¢) model, first
introduced by Lanne and Saikkonen (2011), where p corresponds to deg(®) and g corresponds
to deg(W).

4 Tail conditional distribution of stable anticipative processes

In this section, we will derive the tail conditional distribution of linear stable processes for which
Proposition 2.2 will be applicable. The case of a general past-representable stable process is
considered, along with particular examples.

To be relevant for the prediction framework, the Borel set B appearing in Proposition 2.2 must
be chosen such that the conditioning event {||X¢|| > x} N {X/||X¢|| € B} is independent of
the future realizations X1, ..., X; . For ||-|| a seminorm on R™*"+1 satisfying (3.1), denote
Sﬂ,ﬂﬂ = {(5—my---,50) € R™L o ||(s_m,...,50,0,...,0)| = 1}.7 Then, for any Borel set
VC Sﬂrﬂrl, define the Borel set B(V) C C’Jﬂrhﬂ as

B(V)=V x R".

Notice in particular that for V = S,‘LLL, we have B(V) = CMA = Sﬂil. In the following, we
will use Borel sets of the above form to condition the distribution of the entire vector X¢/|| X¢||
on the observed “shape” of the past trajectory. The latter information is contained in the Borel

set V', which we will typically assume to be a small neighborhood on Sﬂﬂrr It will be useful in

7 .
The set SanL corresponds to the unit sphere of R™*! relative to the restriction of || - || to the first m + 1

dimensions.
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the following to note that
V xR = {s echl, i fs)e V},
where f is the function defined by

Eyn+h+1 N E@n+1
f: : (4.1)

(Tomy ey Oy Ty e oy Xp) > (Tomy -, X0)
4.1 Stable past-representable processes: general case

Let (X;) an a-stable process satisfying Definition 3.1. This states that (X;) is (m,h)-past-
representable, for some m > 0, h > 1 and let X as in (3.5). Denoting LIl the spectral measure

of X on the unit cylinder cll

mhy1 fOT some seminorm satisfying (3.1), we know by Proposition

3.1 (w), that TI'l is of the form

rih =%~ waﬂdkll%{m}- (4.2)

veS1 kEZ
' ]
leading to the following proposition:

Proposition 4.1 Under the above assumptions, we have

e P2 o 9F(dk) )
| r <{||dk||€A' Al <V}
P (X0, A|B(V)) — (4.3)

300 ddy . D (dy,) ’
T ({ echl, | e v}
Idell — T fld]

. . 9d . df(d
for any Borel sets A C Can!thf V C Sﬂzu_l such that {HdkkH € C’lLth : |‘|fc(lk|k) € V} #0,

rll(a(An B(V))) = TH(©@B(V)) = 0, where B(V) =V x R" and f is as in (4.1).

From Proposition 4.1 and by setting V = Sﬂrﬂrl, and A an arbitrarily small closed neighborhood

of all the points (9dy/||dk||)s.s, We can see that IETOOP(Xt/HXtH € A[\|Xt|| >z) =1 In
other words, when far from central values, the trajectory of the process (X;) necessarily features
patterns of the same shape as some ¥dj/||dg||, which is a finite piece of a moving average’s
coefficient sequence. The index k indicates to which piece (dktm, ..., dk, dk—1,...,dg_p) of this
moving average it corresponds to, and, ¥ € {—1,+1} indicates whether the pattern is flipped
upside down (in case the extreme event is driven by a negative value of an error e;). The
likelihood of a pattern ddy/||dg| can be evaluated by setting A to be a small neighborhood of
that point. From this viewpoint, the observed path, (Xi—m, ..., Xi—1, X¢)/|| X¢| will a fortiori
be of the same shape as some ¥(dgim,---,dk+1,di)/||di|| when an extreme event approaches

in time. Observing the initial part of the pattern can provide information about the remaining

12



unobserved part: the conditional likelihood of the latter can be assessed by setting V to be a

small neighborhood of the observed pattern.

Remark 4.1 The tail conditional distribution given in (4.3) highlights three types of uncer-

tainty /approximation for prediction. We deal with two of them in the rest of the paper and

leave the third for future research. 8

(t)

(eee)

In practice, events of the type

{(Xiems o, X1, X) /1 Xl = 9 drgms - - - A1, di) /| die ||}

have probability zero of occurring, and only noisy observations such as
(Xi—my o, Xem1, X)) /| Xl = O (dg+ms-- - dikt1,di)/||di|| are available on a real-
ized trajectory. The choice of an adequate conditioning neighborhood V' in (4.3) given
a piece of the trajectory, will thus need to rely on a statistical approach. Omne could
envision hypothesis tests to determine whether a piece of the realized (noisy) trajectory

“is more similar” to a certain pattern 1 or to another pattern 2.

Even if the observed path can be confidently identified with a particular pattern, uncer-
tainty regarding the future trajectory may remain. It could indeed be that several patterns
vdy/||dg|| coincide on their first m + 1 components, but differ in the last A components.
The stable anticipative AR(1) process is a typical example of this phenomenon, which will
be studied in the next section. Interestingly, the stable anticipative AR(2) process, and

more generally persistent enough processes, avoid this issue, as discussed hereafter.

The tail conditional distribution (4.3) represents an asymptotic behavior as the (semi-)
norm of X; grows infinitely large. It is, therefore, only an approximation of the true dy-
namics during extreme events. It would be interesting to obtain a more refined asymptotic
development in z of the above convergence in order to gauge the approximation error of
the true conditional distribution. We partially investigate this issue by means of Monte
Carlo simulation. In particular, we numerically quantify how far from, the predicted

patterns the future path can be, depending on the quantile of the observed realizations.

8
The considerations developed in this remark focus solely on the probabilistic uncertainty of the prediction,

assuming that the process (X:) is entirely known; that is, no parameter nor any sequence (d;x) needs to be

inferred from the data. We leave for future research issues related to statistical uncertainty.
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4.2 The anticipative AR(1)

We now consider (X;) the stable anticipative AR(1) process defined by
Xy =pXir1+6e, 0< \p[ <1, (44)

where (¢)iez i S(a, 5,1,0). The moving average coefficient is of the form (pk]l{kzo})k, and
thus, mo = 0 as stated in (3.9). By Corollary (3.2), we know that for any m >0, h > 1, (X;) is
(m, h)-past-representable. The spectral measures of paths X; simplify and charge finitely many

points. Their forms are given in the following lemma.

Lemma 4.1 Let (X;) be an a-stable anticipative AR(1) processes as in (4.4). Letting X as

in (3.5) for m >0, h > 1, its spectral measure on Cﬂrﬂrhﬂ for a seminorm satisfying (3.1) is

given by
h—1 Wy
VESL k=—m+1 { } P { }
[l [l dx |

where for all 9 € S1 and —-m+1 <k <h,

dip = (PHm]l{kz—m}, e 7Pk]1{k20}7 pk_lﬂ{k21}a e 7pk_h]l{k2h})a
wy = (14+98)/2,

wy = (1+9B)/2,

B=p

1— p<Oé>

1—|ple”’

and if h =1 and m = 0, the sum ZZ;I_W_H vanishes by convention.

The next proposition provides the tail conditional distribution of future paths in the case where

p is positive. Let us first introduce useful neighborhoods of the distinct charged points of Tl
m+h+1

——~
Denote do _m = (1,0,...,0) so that the charged points of Tll'l are all of the form ¥dy/||dy||
with indexes (9, k) in the set Z := 57 X ({—m, h} U{(0, —m)}) With f as in (4.1), define for
any (o, ko) € Z, the set Vj as any closed neighborhood of g f(dy,)/||dk,|| such that

V' f(di) V' f(dy)  Dof(dy,)

V(' K) e, 7 - 7
di | [ | [k I

S

(4.6)

In other terms, Vy x R? is a subset of C’Tlﬂh 41 where the only points charged by LIl have
their first (m + 1)™ components coinciding with 9o f(dk,)/||dk, |- Define Ay for any (9, k) as
any closed neighborhood of ¥dy,/||dy|| that does not contain any other charged point of Il
meaning;:

V' dy

V('ﬁ,, k,) S I, m S Aﬁ,]f — (?9/, k'/) == ('ﬁ, k’) (47)
k/
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Proposition 4.2 Let (X;) be an a-stable anticipative AR(1) processes as in (4.4) with p €
(0,1). Let Xy, the dy’s and the spectral measure of Xy be as given in Lemma 4.1, for any
m > 0, h > 1. Let Vy be any small closed neighborhood of 9o f(dk,)/||dk,| in the sense of
(4.6) for some (Yo, ko) € I and let B(Vy) = Vo x R". Then, with Ayy, an arbitrarily small
neighborhood of some 9dy/||dx|| as in (4.7), the following hold.

() Case m > 1.

(a) If 0 < ko < h:
0| (1 — |p]®)d9,(¥), 0<k<h—1,

U (X, Ag k| BOV)) —

T—r00

|p|ah6190(19)7 k=h.

(b) If —m < ko < —1:
PN X4, Ay k[ BOVD)) — 83y (9)d, (k).

(1) Case m = 0.

Wy,
8o (9), k=0
o, {903 (V)

P (Xe Aok BOA)) 23 o1 (1= [ol)ogony (9), 1<k <h—1,

| 901 (9), k=h,
with Py = wﬂo/(l - ‘p’a).

For m > 1, meaning the observed path is assumed to be of length at least 2, there is a
significant distinction depending on whether kg € {0,...,h} or kg € {—m,...,—1}. In the
latter case, this means that the shock is already observed. This implies that, given the observed
path, the shape of the future trajectory is completely determined, as the asymptotic probability
of the entire path X;/||X¢| being in an arbitrarily small neighborhood of ¥dy/||dg|| is 1 when
¥ = vy, k = ko. For the former case, this probability is strictly positive if and only if ¥ = 1y,
but the observed pattern is compatible with several distinct future trajectories. This can be

understood by examining the form of the sequences dj/||dx|| and their restrictions to the first
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m + 1 components f(dy)/||dk||. On the one hand (omitting 1),

m—+1 h
(karm?"'?pk?pkil?"'7p71707"')0)
H(pk—'_m?"'JPkJPk_lﬂ‘"7p71707"‘70)”,

for ke {0,...,h},
dp
||

(p+™, .. p,1,0,...,0,0,...,0)
(5™, 0, 1,0,...,0,0,...,0)
~——
m+1 h

, for ke{-m,...,—1}.

We can observe that all the above sequences are segments of explosive exponential functions,
each truncated at a certain coordinate. For k € {0,...,h}, the first zero component, repre-
senting the “crash of the bubble”, is located at or after the (m + 2)™ component, whereas for
k€ {—m,...,—1}, it is located at or before the (m + 1)* component. Using the homogeneity

of the seminorm and (1.3), we have on the other hand that

m+1
(pm7"'ap71)
o ke{0,....n),
(0™ 1,0,...,0,0,...,0)]| or { }
F1 h
fldi) _ "
[l mt1
k+m
1,0,...,0
- 0 1,0,:-0,0) , for ke{-m,...,—1}.
1 o0, 0.0, .0)]
——
m+1 h

Thus, conditioning the trajectory on the event {f(X:)/||X¢|| = f(di,)/||dk,||} for some ko €
{—m,...,—1} amounts to conditioning on the burst of a bubble being observed in the past
trajectory, with no new bubble forming yet. This allows for the exact identification of the
position of the pattern within the moving average’s coefficient sequence.

When conditioning with ky € {0, ..., h} however, the crash date is not observed and can occur
either within the next h — 1 periods or after h. The shape of the observed path, though,

! regardless of how much

corresponds to a segment of exponential growth with a rate of p~
time remains before the burst. This leaves several potential future paths. The likelihood of
each possible scenario can be quantified as follows: the quantity |p|**(1 — |p|®) represents the
probability that the bubble will peak in exactly k periods (0 < k < h), while |p|*” represents the
probability that the bubble will last at least h more periods. This confirms the interpretation of
the conditional moments proposed in Fries (2021). Additionally, it extends this interpretation
by considering entire paths rather than just point predictions. For m = 0, meaning only the
present value is observed, no pattern can be identified, only the sign of the shock. Hence, the

1

growth rate p~= of the ongoing event becomes unidentifiable. This is reflected in the fact that
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1

the asymptotic probabilities of paths with growth rates p~", are positive (as shown in case (¢)

of Proposition 4.2).

4.3 The anticipative AR(2) and fractionally integrated white noise

We focus here on two processes that both share the interesting property of having a 0-1 tail
conditional distribution whenever the observed path has length at least 2 (i.e., m > 1): the
anticipative AR(2) and the anticipative fractionally integrated white noise (FWN). With
an appropriate choice of parameters, the former can generate bubble-like trajectories with
accelerating or decelerating growth rates, while the latter can accommodate hyperbolic bubbles.
In contrast with the anticipative AR(1), these bubbles do not display an exponential profile,
but they still exhibit an inflation-peak-collapse behavior. Any extension of these two minimal

specifications should preserve the following properties.

Anticipative AR(2)

The anticipative AR(2) is the strictly stationary solution of

(1—MF)(1 - F)X, =z, e "5 S(a, B.0,0), (4.8)
where A\; € C and 0 < |\;] < 1 for i=1,2. In case \; € C\ R, i = 1,2, we impose that A\; = Ao
to ensure (X;) is real-valued. We further assume that A; + A2 # 0, to exclude the cases where
(X9¢) and (Xg41) are independent anticipative AR(1) processes. The solution of (4.8) admits

the moving average representation X; = ) ;7 dipeiyr with

AR \E+ .
2 Aoy if A1 # Ao,

dy = A1 — A2 (4.9)
(k‘ + 1))\k ]l{kZO}v if AM=X=A\
Anticipative fractionally integrated white noise
The anticipative FWN process can be defined as the stationary solution of
1-F)YX, =&, &~ S B0,0), (4.10)

with a(d — 1) < —1. The solution of (4.10) admits the moving average representation X; =

Zﬁiﬁ dk5t+k with do =1 and

dr — Ff(k+d)
T @k + 1)

]l{kZO}a fOI' k‘ 7& 0, (411)

where I't(-) denotes the Gamma function.
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It can be shown that both process are necessarily (m, h)-past-representable for m > 1 and h > 1.
The 0-1 tail conditional distribution property, when the observed path has length at least 2, is

demonstrated in the next proposition:

Proposition 4.3 Let (X;) be the a-stable anticipative AR(2) or anticipative fractionally
integrated white noise. For any m > 1 and h > 1, let Xy as in (3.5) and di =
(dk+my -+ dgydi—1, . .., dg—p) where (dy) is as in (4.9) or (4.11). Also Vi is a small neigh-
borhood of Yody, /||dk, || as in (4.6) for some 99 € S1, ko € {—m, ..., h}, and B(Vy) = Vo x R
Then,

1 i Jodho
PI (X, A[B(V)) — 8 Idoll
0, otherwise,

for any closed neighborhood A C Cﬁﬁlhﬂ such that

OAN{Vdy/||dk| = V€ Si, ke {—m,...,h}} =0.

Remark 4.2 Contrary to the anticipative AR(1), the trajectories of the anticipative AR(2)
and fractionally integrated processes do not leave room for indeterminacy of the future path.
Asymptotically, given any observed path of length at least 2, the shape of the future trajectory
can be deduced deterministically. This holds even if the peak/collapse of a bubble is not yet
present in the observed piece of trajectory. Therefore, provided the current pattern is properly
iden‘ciﬁed,9 it appears possible in the framework of these models to infer in advance the peak

and crash dates of bubbles with very high confidence, in principle, with certainty.

5 Monte Carlo study and numerical analysis

In this section, we take advantage of our theoretical results in different ways. In particular,
we suggest two forecasting procedures and demonstrate their performances in finite samples.
We also use numerical simulations to provide a visual illustration of the unit cylinder in the

particular case of a {0, 1} tail conditional distribution.

5.1 Visualisation of the unit cylinder

In the spirit of the Remark 2.1, we consider an a-stable vector X; = (X;—1, Xy, X¢4+1) where X is

an anticipative AR(2) specified as in 5.2. X} being past-representable, it admits a representation

9See point (¢) of Remark 4.1.
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Figure 1: Unit cylinder and unit sphere representations of Xy = 0.7Xy41 4+ 0.1X;40 +
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on the unit-cylinder, as the Theorem 3.1 applies. Furthermore, as discussed in 4.3, its spectral

measure exhibits the following asymptotic behavior

. Doy,
o (A it }>
PLL“‘(Xt,A]B(%)) — .

xr—r00
Tl <{190dko })
|, ||

and hence Pl (Xt,A’B (Vo)) is either 1 or 0. This peculiar {0,1} tail conditional distribu-

tion leads to the following graphical representation on the unit-cylinder (see Figure 1.a). The
simulation of X; is performed for a sample size n = 1000.

We clearly see that C’él'” spans all directions of R3 but the ones of (0,0,—1) and
(0,0,+1). This is of no consequence as the representability property holds and implies that
F({(O, 0,-1),(0,0, —|—1)}) =0 as x — oco. In other words, the seminorm representability reflect
the fact that extreme realizations of X;i1; never occur conditionally to small realizations of
X;—1 and X;. Those inaccessible coordinates are indicated by the two red cross. In the opposite
case where we represent X; on the unit sphere, S3 spans all directions of R? and describes any
potential tail dependence of (X;—1, Xy, Xy+1). This includes the tail dependence between Xy
and the past, which reflects the odd (and rare, as depicted in Figure 1.b) situation where the

realisation of X; 1 is extreme whereas immediate past realizations are not.
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5.2 Forecasting crash probabilities

In this section, we illustrate through simulations that the probability on the left-hand side of
Proposition 4.1, converges to the right-hand side when the conditioning value || X¢|| is large. For
the anticipative AR(2), this proposition boils down to Proposition 4.3, with the intriguing result
that the future path is purely deterministic. To illustrate these two propositions, we simulate
100 trajectories of N = 10° observations for four different specifications of MAR processes, as
defined in Corollary 3.2. The results of each simulation are reported in the associated tables:
the purely anticipative AR(2) (or MAR(0,2)) process in Table 1, the MAR(1,1) process in
Table 2, the MAR(1,2) process in Table 3, and the purely anticipative AR(3) (or MAR(0,3))
process in Table 4.7 As in the empirical section, where the best retained specification is an
anticipative AR(2), we begin by presenting the MC simulation procedure for this process. The
procedure for the other three specifications is similar. The simulated process, is the following:
X; = 0.7X411 + 01Xy 9 + & where g g S§(1.5,0,0.5,0). We focus here on the case m = 2
and evaluate the crash probabilities at different forecasting horizons h = (1,5, 10). The choice
of m is set a priori. According to Proposition 4.3, the only theoretical condition is that m >
1. To assess whether the choice of m has a practical impact on the predictability of crash
probability, we perform another simulation with m = 7 for the AR(2) process. The results of
this simulation is provided in Table 12 in Appendix A. This table shows results similar to those
in Table 1, suggesting that the choice of m has no significant effect on the predictability of crash
probabilities and that the theoretical condition appears to hold. However, as discussed in the
next section, when predicting the crash date, the choice of m does matter.

The left-hand side of Proposition 4.3 needs two types of conditioning. First we condition
on || X¢|| to be large, and we choose X; > ¢ with ¢ is a theoretical quantile of the marginal
distribution of X}, ranging from 0.90 to 0.9999 quantiles. Second we define the conditioning of
the small neighborhood B(Vj):

e, +el.
I, | I |

Fodiy—m Body—m ] {ﬁodk Body,
B _ 0 o 0 L 0 0
V)= Tl ¢ Tl %>

Where ¥y = 1, as we investigate the crash probability of a ’positive’ bubble. Specifically, we
condition |X¢| on X; > ¢, where ¢ is the upper quantile, and e is a very small neighborhood.
In practice, e is determined by the minimum Euclidean distance between % and ‘é—z” We
also set A = B(Vp) x [0, ], with § = 0.2. This is equivalent to estimating the probability of a

10
The length N of one simulated trajectory seems large because we are investigating the probability when
| X¢| is very large, greater than the 99.99% quantile. To do this, we need enough observations to ensure we have

sufficient data above this quantile.
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crash (a decrease of more than 80%) at horizon h."" For each simulated trajectory, we compute
the two following estimators, one for the probability on the left-hand side of Proposition 4.3
defined as Neh

Ztil l]‘ ({ (thmV“’Xt)

Xl EB(VO)}O{%SJ}O{X}>(1})

Dg = N (5.1)
1

2i=1 ({ St 20 EB(VO)}O{Xt>q})

and the other one for the probability on the right-hand side of Proposition 4.3 p,. The latter is

computed as follows:

N—h
thl 1 ({ (Xt—m» 2 X¢)

(B EB(VO)}Q{%WS5}Q{Xt>q})

Pg = (5.2)

Zz]izh 1 ({ %EB(VO)}O{X}>(I})

According to Proposition 4.3, these two probabilities have to converge to the same value, because
X¢/|| X¢]] € A, is equivalent to Yody,/|dk,|| € A. To estimate the dy,, and check whether
X:¢/|| Xt]] € B(Vy), we determine the sample of size m of the dj deterministic path which
X /|| Xl is in B(Vp). To do so, first, we compute X /|| X¢| for m = 2. Second, we evaluate the
Euclidian disctance between X;/||X¢|| and dody/||dy| for k € (k, k) where k = 30 and k = 0
and we check whether some Yodj /| dg|| belongs to a small neighborhood of X;/|| X¢||.Once we
have determined ko, we simply extend the deterministic path to kg+h and calculate di,+p/|dg,|-

Table 1 gathers the average of p, and p, empirical probabilities across the M simulations
along empirical 95% confidence. One notices that the empirical probabilities indeed come very
close to the theoretical ones as q increases. However, as h increases, there is a loss in accuracy,

and it tends to overestimate the crash probability.

Table 1: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5,10 of
bubbles generated by the anticipative AR(2)

h=1 h=5 h =10

P0.9\Bo.o 46.362\17.247 (17.061-17.414)  99.946\52.369 (51.946-52.794) 100.000\69.239 (68.742-69.677)

P0.99\Po.09 35.476\27.413 (26.490-28.191)  99.825\73.396 (71.932-74.640) 100.000\90.438 (89.254-91.511)

Po.909o\Poogs  30.093\29.490 (26.763-33.122) 99.415\77.712 (72.964-82.796) 100.000\94.708 (92.124-97.136)
( ) (

(
(
(
D0.9999 \Po.9999  30.155\30.141 (24.000-38.017) 98.311\79.247 (69.003-89.492) 100.000\95.782 (87.993-100.000)

)
)
)
)

Notes: The theoretical crash probabilities p, are computed using (5.2). Empirical average (Mean) and 95% confidence intervals
(95%-CT) of the estimated probabilities are computed using (5.1) on M = 100 simulated trajectories of N = 10° observations,
for ¢ = g several a-quantiles of the marginal distribution of X;. These probabilities are reported in percent. We set m = 2.

The simulated process is the following: X; = 0.7X¢4+1 + 0.1X;42 + &; where &; S S(1.5,0,0.5,0)

11
Determining this parameter can be challenging, as it raises the question of what drop size constitutes a
bubble. For this simulation exercise, we have selected a significant drop size. Further numerical results could

help in defining this parameter more accurately.
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Proposition 4.1 is more general than Proposition 4.3; the former includes any process,
whereas the latter only applies to processes with at least two leads (¢ > 2). The MAR(1,1)
process is not included in the latter proposition, as it does not have the 0-1 tail deterministic
conditional distribution, and it is subject to different types of uncertainty (see Remark 4.1).
It is important to highlight whether this distinction matters in practice for predicting crash
probabilities. To investigate this, we apply the same procedure as for the AR(2) process to the
following simulated process: X; = 0.9X;y1 + 0.1X;_1 + &, where &; i S§(1.5,0,0.5,0). The
choice of 0.9 for the anticipative parameter is not arbitrary; we aim for a long and gradual
increase in the bubble. However, the results remain similar even when choosing a parameter
that models a faster increase in the bubble’s growth rate. Table 2 presents the average of p, and
Py empirical probabilities across the M simulations, along with the empirical 95% confidence

intervals.

Table 2: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5, 10 of
bubbles generated by the MAR(1,1)

h=1 h=5 h=10

P0.9\Po.o 0.000\0.478 (0.441-0.518) 0.000\19.961 (19.563-20.414) 79.101\53.569 (52.96-54.266)
Po.90\Po.oo 0.000\0.064 (0.017-0.126) 0.000\5.005 (4.181-5.728) 70.413\64.874 (63.214-66.255)
Po.99s\Po.oss  0.00010.007 (0.000-0.109) 0.000\0.521 (0.000-1.559) 69.347\69.284 (64.843-72.694)
P0.9999\Po.ogoe  0.000\0.006 (0.000-0.010)  0.000\0.053 (0.000-0.567) 67.580\67.561 (53.115-75.074)

Notes: The theoretical crash probabilities p, are computed using (5.2). Empirical average (Mean) and 95% confidence intervals
(95%-CT) of the estimated probabilities are computed using (5.1) on M = 100 simulated trajectories of N = 10° observations,
for ¢ = g, several a-quantiles of the marginal distribution of X;. These probabilities are reported in percent. We set m=2. The

simulated process is the following X; = 0.9X:11 + 0.1X;_1 + ¢, where &, i S8(1.5,0,0.5,0)

Table 2 shows that we can accurately capture the probability of a crash for a short-term
forecast horizon (h = 1) compared to longer horizons (h > 1), except when considering the
asymptotic distribution of X3, ¢ > ¢o.999. This suggests that Proposition 4.1 is verified. It also
appears that, in practice, the uncertainty discussed in Remark 4.1 is manageable. One could
hypothesize that increasing the persistence in the lead part of the processes should improve
the accuracy of predicting crash probability, and/or introducing a persistence decrease in the
non-anticipative part of the process could make it more challenging to assess crash probability.
To explore this, we simulate and apply our procedure to two processes: the purely anticipative
AR(3), following the equation: X; = 0.8X;4; + 0.2X;42 — 0.1X13 + &, and the MAR(1,2),
following the equation: X; = 0.7Xy41 + 0.1X;49 + 0.4X;—1 + €, where & i S§(1.5,0,0.5,0).
Table 3 presents the results for the MAR(1,2), which show similar, and even better, outcomes

compared to those in Table 1.
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Table 3: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5, 10 of
bubbles generated by the MAR(1,2)

0.9\Po.o 9.997\10.429 (10.133-10.743) 96.264\59.71 (58.816-60.517)  100.000\82.535 (81.343-83.754)
P0.99\Po.oo 8.915\9.066 (8.436-9.815) 89.724\66.83 (63.998-69.511)  99.998\90.299 (87.706-92.689)
Po.ooo\Po.oss  8.522\8.534 (5.782-10.661)  76.974\67.486 (59.013-78.226) 100.000\91.695 (83.716-99.396)
P0.9999\Po.ogoe  7.815\7.815 (0.000-13.437)  71.505\68.23 (45.776-100.000) 100.000\92.863 (70.983-100.000)

Notes: The theoretical crash probabilities py are computed using (5.2). Empirical average (Mean) and 95% confidence intervals
(95%-CI) of the estimated probabilities are computed using (5.1) on M = 100 simulated trajectories of N = 10° observations,
for ¢ = g, several a-quantiles of the marginal distribution of X;. These probabilities are reported in percent. We set m=2. The

simulated process is the following X; = 0.7X¢4+1 + 0.1X¢42 + 0.4X—1 + ¢, where ¢, e S§(1.5,0,0.5,0)

Table 4 primarily confirms the results on the asymptotic convergence of probability. How-
ever, surprisingly, increasing persistence in the anticipative part of the process does not improve

the accuracy of predicting the crash probability rather, it has a small opposite effect.

Table 4: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5, 10 of

bubbles generated by the anticipative AR(3)

P0.9\Po.9 24.300\8.599 (8.433-8.743) 91.947\34.573 (34.128-35.056) 98.791\54.792 (54.087-55.440)
P0.99\Bo.09 16.321\13.740 (13.093-14.345)  85.883\50.585 (48.61-52.659)  98.962\75.168 (73.035-77.219)
Po.oso\Po.oss  14.821\14.612 (12.53-16.693)  68.756\53.400 (47.320-58.863) 98.823\78.857 (72.304-85.104)
Po.09s0\Po.oses  15.323\15.287 (10.716-22.733)  57.840\54.813 (41.167-72.491) 97.982\79.757 (63.015-99.580)

Notes: The theoretical crash probabilities pq are computed using (5.2). Empirical average (Mean) and 95% confidence intervals
(95%-CI) of the estimated probabilities are computed using (5.1) on M = 100 simulated trajectories of N = 10° observations,
for ¢ = g4 several a-quantiles of the marginal distribution of X;. These probabilities are reported in percent. We set m=3. The

simulated process is the following X; = 0.8 X411 + 0.2X;42 — 0.1X43 + &, where &, e S8(1.5,0,0.5,0)

5.3 Forecasting crash dates

One can also apply Proposition 4.1 to infer information on future paths from the observed
trajectory, as long as it deviates far enough from central values. We focus on the case where k
belongs to {—m,...,—1} and document that in practice, for large values of x and sufficiently

persistence anticipative process, the approximation
X/ Xell = Hdrgms - - - dirrs di) /dill, Xe = (Koo, o, X1, Xo),

can be used to derive the next crash date and then estimate the future path up to t+h. We also

discuss to what extent the sources of uncertainty listed in Remark 4.1 affect the performance
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of our procedure in the presence of finitely large realizations. As for a range of realizations,
we ignore to which piece of the moving average trajectory it corresponds, we pay particular
attention to the selection of kg and the impact of m. ¥y is assumed to be known here as in
general it can be deduced from the data.

Our forecasting procedure proceeds in 4 steps. First, we compute X;/|| X¢| for a given
m > 1. Second, we evaluate 9¥dy/|dy| for k € (k,k) where £ = 30 and k = 0. Third,
we check whether some 9dy/||dg|| belong to a small neighborhood A of X;/||X¢||. If ko
cannot be identified because several values k satisfy this condition, we reduce the neighbor-
hood until a unique k& = ko remains. At this stage, we structure X; as in (3.5) and dy, as
(dgsmy---sdg,dg—1,...,dg—p). The last step simply consists of using the deterministic trajec-
tory of dj, to iterate up to di_j, = 0 and hence obtain the bubble burst date. From Proposition
4.3 we know that if X; is anticipative enough, its future path will follow the one of dj, with a

very high level of confidence such that

(Xt—mv LU 7Xt—17 Xt? Xt+17 LU 7Xt+h)/HXtH ~ ﬂo(dk+m7 s o 7dk‘+17 dk‘) dk*lv LU 7dk*h)/HdkH7

hence offering the possibility to predict Xii1, ..., Xitn.

This procedure is likely to be sensible to the selection of m. We investigate this issue
by considering m = {1,3,5,7,9,11}. We also anticipate that, how far we deviate from the
Gaussian distribution, in terms of tail index, is likely to affect the results, and hence we consider
a=1{0.9,1.2,1.5,1.8} (see Remark 4.1 (¢7)). As in the previous section, we simulated three out
of the four different processes that we considered, and the associated results of each simulation
are reported in the corresponding tables: the purely anticipative AR(2) (or MAR(0,2)) process
in Table 6, the MAR(1,2) process in Table 7, and the purely anticipative AR(3) (or MAR(0,3))
process in Table 8. The MAR(1,1) process was ruled out because Proposition 4.3 does not
apply directly, as we do not obtain certainty in the path but rather some probabilities. Let
start by presenting the simulation procedure for the anticipative AR(2). Each simulated path is
governed by a SaS anticipative AR(2) of the following form: X; = 0.7X;41 4+ 0.1X;42 +¢&; where
€t s («,0,0.1,0). For a given artificial time series x;, we identify a positive bubble peak as
max(x;) and treat as unobserved the remaining values of the series and the [N x 0.01] periods
preceding the bubble burst. We then explore all these scenarios for N = {250,500, 1000}
(i.e. ko = {3,5,10}) and 1000 trajectories. In theory, N should not impact the prediction
performance but we use it here to control the quantile of the last in-sample observation. More
precisely, our simulation framework results in the quantiles reported in Table 5 and allows us
to investigate the impact of departing from the asymptotic theory (z — oc). For instance, we

can see that for N = 1000, the last in-sample observation used to predict an extreme event
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that surge 10 periods ahead, actually corresponds to the quantile 0.91 when o« = 1.5. In such
a configuration, the realizations of X; are likely to be only moderately large compared to the

asymptotic requirements (x — 00).

Table 5: Quantile of the last in-sample observation

N/a 0.9 1.2 1.5 1.8
250 0.99 0.99 0.99 0.94
500 0.98 0.98 0.94 0.89
1000 0.97 0.96 0.91 0.78

Accordingly, in the simulation results, we report the labels “High”, “Quite High”, “Mod-
erately High”, rather than the sample sizes. For each simulation, we compute the bias as the
difference between the predicted crash date and the true simulated date.

The results are reported in Table 6. First, the results shed light on the crucial role of limit
theory, as the predicted crash date is considerably more biased when the shape of the trajectory
is inferred from an observation that corresponds to a moderately high quantile. Second, for
a given m, the performance deteriorates as « increases, thereby involving quantiles far from
the asymptotic theory (e.g., ¢x, ~ 0.78 when N = 1000 and a = 1.8) and introducing more
noise. Our theory states that when x — oo, m = 1 can be sufficient. However, in practice,
the simulation study reveals that the optimal selection of m is not obvious, as it interacts in a
complex manner with the tail index a. For instance, when X; is very high and the tail index
is close to 1, a shorter m improves the performance of the forecasting procedure. Conversely, if
the tail index is close to 2, it is slightly better to select a medium-range m. The same analysis
holds for X; that is large or moderately large.

Table 7 presents the results for the MAR(1,2). We want to check if adding a causal part
impacts the estimation of the crash date. Theoretically, it should lead to no difference, as only
the persistence in the anticipative part matters in estimating the crash date. This is verified, as
Table 6 shows similar results except for the choice of m. For the MAR(1,2), choosing a lower m
is always better. We also apply the same procedure to an anticipative AR(3) process to check
if adding persistence in the anticipative part improves the estimation of the crash date. Table 8
showcases the results for this process. Overall, the bias is smaller in any case compared to the
anticipative AR(2). However, in comparison to AR(2) and even for the MAR(1,2), the choice
of m is not clear-cut. It seems better to choose a large or medium-range m when « is close to

2, and for small «, it is better to choose a small m.
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Table 6: Bias for the crash date predictor for the purely anticipative AR(2) process

High
a/m 1 3 5 7 9 11
0.9 0.1540 0.3590 0.5310 0.5570 0.6730 0.7280
1.2 0.5850 0.7950 0.8500 0.9880 0.9860 1.0040
1.5 1.0170 1.0510 1.1280 1.1500 1.2330 1.2470
1.8 1.2660 1.2480 1.3130 1.3040 1.3200 1.3570

Quite High

a/m 1 3 5 7 9 11
0.9 1.7670 2.0210 2.2130 2.3010 2.3880 2.4680
1.2 2.5120 2.6530 2.7960 2.8500 2.9580 2.9460
1.5 2.9550 3.0560 3.1160 3.1160 3.1470 3.1750
1.8 3.2970 3.2250 3.2760 3.3070 3.3310 3.2860

Moderately High

a/m 1 3 5 7 9 11
0.9 6.8500 7.1450 7.2460 7.3340 7.4360 7.5420
1.2 7.6960 7.8270 7.9320 7.9790 8.0530 8.0810
1.5 8.1690 8.1730 8.2160 8.2390 8.2910 8.2860
1.8 8.4230 8.3550 8.3640 8.3790 8.4210 8.4700

Notes: The simulated process is the following: X; = 0.7X¢41 + 0.1X¢42 + &+, where &, ik S(a,0,0.5,0).
High, Quite High, and Moderately High correspond to a number of simulated observations of 250, 500,
and 1000, respectively.

6 Forecasting climate anomalies

A growing body of literature highlights the impact of climate variables on economic performance
(Dell et al., 2014). A key variable for identifying this impact is the occurrence of El Nifio (and,
correspondingly, La Nina) weather shocks. These shocks are known to affect various economic
indicators, including growth, inflation, energy markets, and agricultural commodity returns
(Brenner, 2002; Cashin et al., 2017; Makkonen et al., 2021). Providing a forecast of El Nino
(and La Nina) weather shocks is of primary importance, as it offers numerous societal benefits,
ranging from extreme weather warnings to agricultural planning (Alley et al., 2019). El Nino

(or La Nina) intensity is defined as a value constructed from the Southern Oscillation Index
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Table 7: Bias for the crash date predictor for the MAR(1,2) process

High
a/m 1 3 5 7 9 11
0.9 0.3170 0.5870 0.6650 0.7870 0.8420 0.8880
1.2 0.7240 0.9630 1.0490 1.1050 1.1620 1.1180
1.5 1.0880 1.2100 1.2760 1.2320 1.2530 1.2990
1.8 1.2670 1.3400 1.3860 1.3630 1.3720 1.3740

Quite High

a/m 1 3 5 7 9 11
0.9 1.9840 2.3310 2.5250 2.5570 2.5540 2.6780
1.2 2.6130 2.8560 2.9550 2.9940 3.0280 3.0480
1.5 3.0080 3.2010 3.2180 3.2230 3.3120 3.2940
1.8 3.3040 3.3480 3.3440 3.3550 3.3930 3.4100

Moderately High

a/m 1 3 5 7 9 11
0.9 7.1650 7.2600 7.5560 7.5900 7.7090 7.6910
1.2 7.8420 7.9810 8.1190 8.1320 8.1760 8.1810
1.5 8.1990 8.2750 8.2870 8.3690 8.3500 8.3910
1.8 8.4080 8.4180 8.4180 8.4300 8.4470 8.4670

Notes: The simulated process is the following: X; = 0.7X;4+1 4+ 0.1X¢42 + 0.4X:—1 + €, where & RS
S(«,0,0.5,0). High, Quite High, and Moderately High correspond to a number of simulated observations
of 250, 500, and 1000, respectively.

(so1)."

This section discusses the performance of our forecasting procedures in detecting the peak
and the end of an El Nifio (and La Nina) shock, and assesses the probability of staying in
these episodes h periods ahead. We split the data into an in-sample period (from 01/1951 to
12/1991) and an out-of-sample period (from 01/1992 to 01/2024) to test the robustness of our
forecasting procedure. Figure 6 displays the data sample, where the shaded area corresponds to
the out-of-sample data. The alternation of boom and bust, which appears to be an identifiable
deterministic pattern, is clearly distinguishable.

Figure 6 shows that SOI values, range approximately from -4 to 2. Most observations

Data and methodology for constructing the SOI are available at https://www.ncei.noaa.gov/access/

monitoring/enso/soi. The SOI is a monthly variable derived from air-pressure differentials in the South Pacific,

measured between Tahiti and Darwin.
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Figure 2: Southern Oscillation Index (SOI)
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Notes: The shaded area represents the out-of-sample data. The horizontal black dashed lines indicate values of 1

and -1. An El Nifio event is defined as an SOI below -1, while a La Nina event corresponds to an SOI above 1,

each persisting for at least three periods.

Figure 3: Distribution of the Southern Oscillation Index (SOI)
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Table 8: Bias for the crash date predictor for the purely anticipative AR(3) process

High

a/m 1 3 5 7 9 11
0.9 -0.3180 -0.3170 -0.4670 -0.6250 -0.6740 -0.5570
1.2 -0.1440 -0.3650 -0.5310 -0.4950 -0.4850 -0.3820
1.5 0.3630 -0.1000 -0.2420 -0.2150 -0.2960 -0.1490
1.8 0.8220 0.2710 -0.0890 -0.1710 0.0480 0.0160

Quite High

a/m 1 3 5 7 9 11
0.9 0.2200 0.2790 0.4240 0.3490 0.4730 0.5830
1.2 0.9180 0.8680 0.9250 1.0030 1.0500 1.1030
1.5 1.8640 1.6100 1.4960 1.4720 1.5320 1.5520
1.8 2.6780 2.2010 1.8550 1.8870 1.9600 2.0040

Moderately High

a/m 1 3 5 7 9 11
0.9 3.7370 4.2240 4.4710 4.6080 4.7000 5.0470
1.2 5.5510 5.7180 5.7680 5.8700 5.9220 5.9730
1.5 6.7790 6.5850 6.5550 6.5830 6.6000 6.6310
1.8 7.7710 7.2760 7.0830 7.1390 7.1680 7.1380

Notes: The simulated process is the following: X; = 0.8X¢+1 + 0.2X¢42 — 0.1X43 + &, where & RS
S(«,0,0.5,0). High, Quite High, and Moderately High correspond to a number of simulated observations
of 250, 500, and 1000, respectively.

are clustered around 0, reflecting the index’s central tendency, while fewer are found at the
extremes, underscoring the rarity of extreme El Nino (SOI below -1) or La Ninia (SOI above
1) events. Notably, an SOI of -1 corresponds to the 10th quantile, while 1 is equal to the 80th
quantile. To assess the non-normality of the SOI, we compute the skewness (-0.2024) and the
kurtosis (3.4823), and conduct a Jarque-Bera test. The results, summarized in Table 13 in the
Appendix, yield a p-value below 0.05, strongly rejecting the null hypothesis of normality. This
deviation is likely due to the slight skewness and excess kurtosis

Estimating mix-causal processes is challenging, and only a few estimation procedures are
available. For the sake of robustness, we rely on two different methods: the semi-parametric
Generalized Covariance Estimator (see Gourieroux and Jasiak, 2023), referred to as GCoV,
and the approximate maximum likelihood method (AML), introduced by Lanne and Saikkonen

(2011). Both methods face limitations due to the assumption that the error term follows a
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S(a, B,0,0) distribution. For AML, Andrews et al. (2009) demonstrates that while asymptotic
results exist, the limit distribution is largely intractable because the rate of convergence depends
on the tail « parameter.13 Gourieroux and Jasiak (2023) shows that the consistency and asymp-
totic properties of the semi-parametric estimator require the existence of the first four moments
of the residuals, which is not the case for a-stable laws, as only the first 2a + 1 unconditional
moments exist. However, as pointed out in Remark 2 on p. 1318 of Gourieroux and Jasiak
(2023), if the error term has no finite fourth-order moment, the consistency and asymptotic
properties of the GCoV estimator are preserved if some nonlinear transformation of the error
terms exists. In both cases, we extend the procedure to accommodate an a-stable distribution.
However, a formal analysis of these extensions, along with their associated asymptotic theory,
is deferred to future research. To maintain a reasonable length for the paper, we report only the
GCoV results and include the AML results in the online appendix. Nonetheless, the retained
specification, a purely anticipative AR(2), and the coefficients estimated using AML are similar.

Let us begin by recalling the M AR(p, q) model from Lanne and Saikkonen (2011), which
imposes a multiplicative representation of the two-sided alpha-stable MA(co) form in equation
(3.2).14 This representation corresponds to Corollary 3.2, where © = H = 1. It is referred to
as a mixed-causal autoregressive process, M AR(p,q), assuming an a-stable distributed error

term. This process is defined as follows:

VE)R(B)X =, e 'K S(,8,0,0), (6.1)
where ®(B) =1—-¢1B — -+ — ¢BY, U(F) =1 — 1 F —--- — ¢, [P, have their roots outside

the unit circle so that
D(z) #0 for|z| <1 and W(z)#0 for|z| <1

This assumption ensures stationarity in both the causal and noncausal components. A key
challenge in this context is the identification of p and ¢q. One solution, proposed by Lanne and
Saikkonen (2011) and Hecq et al. (2017b, 2020), is to first select pa, = p + ¢ by relying on the
ACF and PACF of the SOI in the training sample, and then confirm the choice using the BIC
chterion.15

13Bootstrap procedures are proposed in Andrews et al. (2009) and further extended in Cavaliere et al. (2017).
However, these procedures are applicable only to purely anticipative processes, not to mixed processes.

14In the approach of Gourieroux and Jasiak (2023), no such restriction is imposed. In the univariate case,
both representations are equivalent. However, in the multivariate case, certain conditions must be met for the
equivalence of the two representations (see Giancaterini, 2023).

15

Pap corresponds to the number of lags in the all-pass representation of the M AR(p, ¢) model, which is known

to correspond exactly to p + ¢ (see Fries and Zakoian, 2019).
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Figure 4: ACF and PACF of the in-sample SOI Data
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Figure 4 displays the Autocorrelation Function (ACF) and Partial Autocorrelation Function
(PACF) for the in-sample SOI data. Based on the PACF, we set po, = p+ ¢, which is equal to 2
in this case. We also apply standard information criteria, such as BIC, to validate this choice.lb
Once pgp is selected, we follow the procedure outlined by Lanne and Saikkonen (2011) and (see
Hecq et al., 2020) to select the best specification for the SOI. This is done by estimating all
the 2Ps» — 1 possible combinations for M AR(p,q) using the likelihood, along with the ACF
of both the residuals and the squared 1"es.iduals.17 Theoretically, only the true specification
should result in the i.i.d. nature of the residuals. This is reflected in a clear ACF and PACF
for both the residuals and the squared residuals. Achieving this is the primary goal of the
GCoV estimator. Specifically, this estimator relies on the i.i.d. assumption for the errors as the
parameters of interest and minimizes a residual-based portmanteau statistic. It is a one-step
estimator that has been shown to be consistent, asymptotically normally distributed, and semi-
parametrically efficient. More precisely, the estimator minimizes a portmanteau-type objective
function involving the autocovariances of nonlinear transformations of model errors, viewed as
functions of the model parameters. If § = (®, V) € © represents the set of parameters of our
MAR model from equation 6.1, where © is the entire parameter space, the GCoV estimator
minimizes the following portmanteau statistic:

1
6Table 14 in Appendix B.3 confirms the selection of 2.
17
See again Table 14, in the Appendix B.3, which confirms the choice of purely anticipative AR(2)
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H

b= arggnn}; Tr [4g(h; 0)39(0; 0) ™ 4 (3 0)' 44 (0 0) | (6.2)
where H is the highest selected lag, 4,(h;0) is the sample autocovariance between g(g;) and
g(et—p), with g(ey) = [g1(e¢), -+ , 9K (e¢)], where &, is the residuals obtained using equation
(6.1). Since only 2av+ 1 moments exist for the a-stable law, it is impossible to rely on nonlinear
transformations such as ef with k > 1 and k being an integer. This also violates the assumption
of the existence of fourth-order moments, as required by the GCoV approach, to be consistent
and asymptotically normally distributed. To address the issue of moment existence, as pointed
out in Remark 2 on p. 1318 of Gourieroux and Jasiak (2023), if £, has no finite fourth-order
moment, the consistency and asymptotic properties of the GCoV estimator are preserved if the
transformed errors gi(g;) have finite fourth-order moments. We choose the following nonlinear
transformation for the residuals: g, = log(|e¢|)*, where k € {0, ..., K}. Indeed, Corollary 3.6 in
Nolan (2021) ensures that gx, k € {0,..., K} exists even if &, does not have finite fourth-order
moments. With this choice of g, we are able to compute the standard errors associated with
the parameters in 0 using the formula in Corollary 1 of Gourieroux and Jasiak (2023). If 6
represents the parameters estimated by GCoV, the standard errors can be computed as described
in Gourieroux and Jasiak (2023), requiring the first-order derivative of v(h;6p). We use finite
differences to approximate this first-order derivative. Proving and assessing the performance
of the GCoV approach for univariate and multivariate a-stable mixed-causal models is left for
future research. Recall that the aim of the GCoV approach is to target i.i.d. residuals.'® We
test all 2Pe» —1 possible combinations for MAR(r, s) with different combinations of H = {1, 2, 3}
and K = {1,2,3}. Subsequently, we test for the i.i.d.-ness of the residuals, focusing specifically
on the autocorrelations of both the residuals and the squared residuals. The only choice of
(r,s, K, H) leading to close i.i.d. residuals is the parameter set (0,2, 2,2). Figure 6, in Appendix
B.2 displays the ACF of the residuals, showing no significant autocorrelation, which is confirmed
by the results of the Ljung-Box test on the residuals, as reported in Table 9. Figure 6 also shows
the ACF of the squared residuals. A barely significant autocorrelation at lag one is observed,
leading to the rejection of the null hypothesis in the Ljung-Box test for the squared residuals (see
Table 9). However, we also implement the Portmanteau Test from Jasiak and Neyazi (2023),
which is a residual-based specification test for semiparametric models with i.i.d. errors. The
i.i.d. nature of the residuals is confirmed by the non-rejection of the null hypothesis for this

test (see Table 9).

Table 9 presents the estimated parameters for 1 and s, which closely resemble those

18
The residuals are extracted from the SOI data using the estimated parameters and the equation (6.1)
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obtained using the AML approach, as detailed in Table 15 in Appendix B.3.

Table 9: AR(2) Estimation for SOI, uisng GCov

(G P2 a g o

0.4224 0.2924 1.9754 -0.0216 0.4735

(0.0480) (0.0487) (0.0018) (1.6763) (0.0011)
Residuals test Stats CVipesw p-value
LB-Test on ¢; (lag=5) 8.5836 7.8147 0.0354
LB-Test on &7 (lag=5) 17.142 7.8147 0.0007
Jasiak and Neyazi (2023)’s test 5.5933 12.5915 0.4702
JB-Test 21.261 5.9900 0.0000

Notes: Estimated parameters of the a-stable anticipative AR(2) process associated with the SOI
series for the period 01/1951-12/1991. Standard deviations are provided in parentheses. The
specification tests are as follows: the Ljung-Box test on residuals, the Ljung-Box test on the squared

residuals, the Portmanteau test of Jasiak and Neyazi (2023), and a non-Gaussianity test.

GCoV is a semi-parametric approach that does not rely on any distributional assump-
tions, unlike our approach, which assumes that ; is a-stable. First, the Jarque-Bera test in
Table 9 confirms that the residuals are indeed non-Gaussian. Next, we fit an a-stable distribu-
tion S(a, 3, 0,0) to the residuals using the characteristic function-based estimation for a-stable
distributions described in Nolan (2021). The estimated parameters are reported in Table 9.
These results are consistent with those obtained using the AML approach (see Table 15 in the
Appendix B.3). Figure 7, in Appendix B.2, confirms the good fit of the estimated a-stable
distribution. However, we encounter an identification issue with the 8 parameters, though this
is not significant. This is unsurprising, as g is inherently difficult to identify. This challenge
arises from the fact that it becomes nearly impossible to reliably estimate 8 when « is close to
2. As « approaches 2, the distribution increasingly resembles a Gaussian distribution, which
is symmetric. In this limit, the skewness parameter 5 has a negligible effect on the shape of
the distribution, making it practically unidentifiable due to the dominance of the symmetric
properties inherent in the Gaussian limit of a-stable laws.

A La Nina shock is defined as the SOI exceeding 1 for at least three consecutive periods.
We then estimate the probability of the SOI returning to central values after h periods, where
h = 3 and h = 5, using the procedure detailed in Section 5.2. We define the same neighborhood
B(Vy) of H%n and consider || X¢|| to be large when X; > ¢, where first ¢ = go.90 and second
q = qo.05 correspond to the 90th and 95th percentiles of the theoretical marginal distribution
of X;, estimated using the parameters from Table 9. Given that we rely on 492 in-sample
observations (out of a total of 877), higher quantiles are sparse and cannot be considered here.

We choose 6 = 0.5. The results are reported in Table 10 and show a high empirical (average)
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probability of returning to central values 3 periods ahead. However, this probability is less
than unity, indicating that La Nifia episodes can occur (or persist if the SOI was already above
1 for several periods). When h = 5, ppgs = 84.6154, meaning that very persistent La Nina

occurrences are unlikely to appear.

Table 10: Comparison of theoretical and empirical SOI reversal probabilities

h=1 h=3 h=5
In-sample 10.90\Po.90 32.0755\41.5094 69.8113\64.1509 86.7925 \67.9245
P0.95\Po.05 20.8333\54.1667 54.1667\75.0000 83.3333 \87.5000
Out-of-sample P0.90\Bo.90 32.6733\47.5248 72.2772 \62.3762 93.0693\73.2673
Po.95\Do.05 32.6923\53.8462 63.4615 \67.3077 92.3077\84.6154

Notes: The theoretical reversal probabilities p, are computed using (5.2). Empirical average (Mean) and 95% confidence
intervals (95%-CI) of the estimated probabilities are computed using (5.1) on the in-sample period (from 01/1951 to 12/1991)
and on out-of-sample period (from 01/1992 to 01/2024) for several a-quantiles of the estimated theoretical marginal distribution

of the SOI. These probabilities are reported in percent. We set m=2.

The reversal probabilities are useful to determine the probability of eluding dramatic climatic
events such as strong and persistent La Nifia or El Nifo occurrences. In this context, forecasting
the reversal date, that is the end of La Nina or El Nino, is also of particular interest. We hence
take advantage of Proposition 4.3 to predict the reversal date of the El Nino occurrence that
presumably starts at the end of the in-sample period. As this last observation is below -1, we
admit that z is far from central values. Following the methodology of the simulation study (see
5.3), we determine kg for various values of m € [1,10]. As & =~ 1.9 exhibits light tails, we might
encounter some difficulties in applying our pattern recognition procedure: far from the peak (m
large) we are more likely to observe values from the center of the distribution. On the other
hand, m = 1 might lead to imprecise results as few past information is used to determine the
piece of trajectory and the process is not strongly anticipative given the estimated coefficients.
Our findings offer some robustness in this particular case as for m = {1,2} and m € [5, 10] our
procedure always points toward kg = 1. For m = 3 and m = 4 we find kg = 5 and kg = 3
respectively. We hence retain kg = 1 and m = 10, therefore implying an imminent reversal
date as we are close to the last piece of the trajectory described by Yody,, with J9 = —1. The
selected piece of the trajectory is represented in Figure 5. We then deduce the reversal date
and we compute the future values of X; up to Xy = 0, with h = kg 4 1, that is when the SOI
goes back to its central value. We find that El Nino should reverse just after February 1992,
reaching a peak at ;47 = —4.60. When compared with the out-of-sample period, the reversal
date appeared to be very accurately predicted. However, the magnitude of the peak reached
during this El Nifio occurrence is overestimated as z;11 = —3.04.

To ensure the robustness of our approach, following the same procedure used to predict the
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Figure 5: El Nino

reversal forecast
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''''''' La Nina / El Nifio thresholds

1984-04

Notes: The shaded area corresponds to the out-of-sample data.

1992-01

reversal date in Figure 5, we predict all El Nifio and La Nifia anomalies in the out-of-sample

dataset (from 01/1992 to 01/2024). The results are summarized in Table 11. For an El Nifio (or

La Nina) event, we start our forecasting procedure at the first date when the SOI is below -1

(or above 1) before the end date of an identified El Nifio phenomenon, called the start date in

Table 11; the end date is when the SOI returns between -1 and 0 (or 1 and 0). We also forecast

the peak date, defined as the minimum (or maximum) value of the SOI before the start and end

dates. Table 11 shows that for all El Nino and La Nina occurrences (14) in the out-of-sample

dataset, our procedure leads to an average error of 0.42 months in finding the peak date and

0.57 months in finding the end date compared to the true peak and end dates. We also report

in Table 11 the selected kg and m from our procedure.

Forecasting out-of-sample El Nifio and La Nifia anomalies

Table 11:
Type of anomaly El Nino
Start date 12/1991
Peak date 01/1992
End date 04/1992
Forecasted Peak 01/1992
Forecasted End 02/1992
Peak forecast error 0
End forecast error -2
ko 1
m 10

El Nifio
07/1994
09,/1994
10/1994
09/1994
10/1994
0
0
2
10

La Nifia
11/2007
02/2008
03/2008
02/2008
03/2008
0

0

3

10

El Nifio
12/2009
02/2010
03/2010
03/2010
04/2010
1
1
3

La Nifa
07/2010
09/2010
11/2010
08/2010
09/2010
-1

-1

1

10

La Nina
11/2010
12/2010
04/2011
01/2011
02/2011
1

-2

2

10

El Nifio
07/2015
10/2015
11/2015
09/2015
10/2015
-1
-1
2
10

La Nifa
11/2021
01/2021
03/2021
01/2021
02/2021
0

-1

2

10

La Nina
02/2022
03/2022
05/2022
04/2022
05/2022
1

0

2

10

La Nina
08/2022
10/2022
11/2022
10/2022
11/2022
0

0

2

10

La Nifa
11/2022
12/2022
02/2023
01/2023
02/2023
-1

0

2

10
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7 Conclusion

For a-stable infinite moving averages, the conditional distribution of future paths, given the
observed past trajectory during extreme events, is derived using a novel spectral representation
of stable random vectors on unit cylinders with respect to seminorms. In contrast to conven-
tional norm-based representations, this approach yields a multivariate regularly varying tails
property that is well-suited for prediction purposes. However, not all stable random vectors
can be represented on seminorm unit cylinders. A representation theorem is provided, showing
that predictions are feasible if and only if the process is sufficiently “anticipative.” Finite-length
paths of a-stable moving averages, which themselves exhibit multivariate a-stable properties,
are incorporated into this framework. Our approach also reveals that, despite their appeal-
ing “causal” interpretation, non-anticipative processes inherently imply the unpredictability of
extreme events. In contrast, anticipative processes operate under the assumption that future
events exhibit early visible signs that hint at their forthcoming occurrence. These early signs
manifest as emerging trends and patterns that an observer can detect and use to infer poten-
tial future outcomes. In certain cases, we demonstrate that the trajectory leaves no room for
indeterminacy and can, in theory, be deduced with certainty, and in practice, with a very high
level of confidence. We use Monte Carlo simulations to illustrate two applications derived from
our theoretical results: forecasting crash probabilities and predicting crash dates. Additionally,
we discuss various sources of uncertainty that may arise in finite-sample and non-asymptotic
settings. The numerical analysis confirms that both procedures we implement are straight-
forward to use and perform well across a wide range of scenarios. To provide further insight
into the empirical relevance of the seminorm representation of a-stable moving averages, we
demonstrate its ability to accurately predict climate anomalies. Specifically, we estimate the
probabilities of occurrence for the so-called La Nina and El Nino episodes. We also precisely

detect, out-of-sample, the reversal date of these episodes.
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A Complementary results for the Monte-Carlo simulation

Table 12: Comparison of theoretical and empirical crash probabilities at horizons h = 1,5, 10
of bubbles generated by the anticipative AR(2)

h=1 h=5 h =10

20.9\Po.o 51.149\20.777 (20.566-21.031)  99.959\56.494 (56.045-56.923) 100.000\73.029 (72.552-73.488)
20.99\P0.99 38.023\27.945 (26.966-28.896) 99.856\74.154 (72.688-75.712) 100.000\91.18 (90.062-92.466)
P0.099\Po.ose  30.888\29.826 (26.747-32.895) 99.457\77.736 (73.216-83.068) 100.000\94.492 (90.776-97.368)
P0.9999\Po.o0gs  30.076\30.042 (22.697-42.028) 98.379\78.115 (63.28-90.865)  100.000\94.371 (82.953-100.000)

Notes: The theoretical crash probabilities py are computed using (5.2). Empirical average (Mean) and 95% confidence intervals
(95%-CI) of the estimated probabilities are computed using (5.1) on M = 100 simulated trajectories of N = 10% observations,
for ¢ = g, several a-quantiles of the marginal distribution of X;. These probabilities are reported in percent. We set m = 7.

The simulated process is the following: X; = 0.7X¢41 + 0.1X;42 + € where &, RS S(1.5,0,0.5,0)

B Complementary results for the empirical application

B.1 Distribution property of the SOI

Table 13: Descriptive Statistics and Jarque-Bera Test Results for SOI Data

Statistic Value
Skewness -0.2024
Kurtosis 3.4823

Jarque-Bera Test Statistic (X?2)  14.4890
Degrees of Freedom (df) 2
p-value 0.0007141

B.2 GCov Estimation Residuals Analysis

In Figure 6, the left panel shows the ACF of the residuals computed using the GCoV approach,
confirming their lack of serial correlation, while the right panel presents the ACF of the squared
residuals, indicating only a barely significant autocorrelation at lag one. This confirms the good
accuracy of the anticipative AR(2) model.

Figure 7, helps to visually assess the fit of the a-stable model to the residuals. The histogram
and the density curve align well, it suggests that the model is appropriately capturing the

underlying distribution of the residuals.
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Figure 6: ACF of Residuals and Squared Residual using GCoV
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Figure 7: Histogram of residuals using GCoV
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Notes: The figure illustrates the histogram of residuals with an overlaid density curve. The red line represents

the density of an a-stable law with the parameters: a = 1.9754, § = —0.0216, o = 0.4735.

B.3 AML estimation of AR(2)

This section, presents the results on in-sample SOI data using the AML estimation procedure
from, Lanne and Saikkonen (2011) and Hecq et al. (2020, 2017b). As in 6, we set p,p = 2, and
we estimate all the possible 2Pe») —1 combinaison of M AR(p, q). More precisely, the parameters
of all the M AR(p, q) are subsequently estimated using a modified version of the MARX package
suitable for a-stable laws (Hecq et al., 2020, 2017b). For the M AR(p, q) as in eq (6.1) in section

6, the ensemble of parameters to be estimate is § = (U, ®,«, 5,0) € O then the Lanne and
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Saikkonen (2011) AML estimator, is defined as:

T—
0 = argmax Zq Inf~! [U(F)®(B)Xy; (a, B, 0,0)] (B.1)
t=p+1

where f(.;(a,f,0,0)) denotes the probability function of the at.lg Standard deviations are
estimated using finite differences gradient and Hessian for the parameters in the right space.
Table 14, according to the likelihood criteria, shows that the best specification for causal-non-

causal models is the anticipative AR(2)
(1= F — 1/12F2)Xt =g, & iid S(a, B,0,0)

Table 14: Identification of Non-Causal Processes for SOI
BIC MAR(2,0) MAR(1,1) MAR(0,2)

Ppseudo Likelihood
2 -513.7138  -511.3617  -508.8777

Table 15 reports the estimation results for the anticipative AR(2) parameters and the as-
sociated parameters of the a-stable distribution for the error term. Additionally, we present
a set of descriptive statistics and validation tests on the residuals and the squared residuals.
From Table 15, the Ljung-Box (LB) tests indicate that all autocorrelation in the residuals of
the AR(2) model has been removed. This conclusion is further supported by the ACFs of the
residuals, shown in Figure 8. However, Figure 8 reveals a barely significant autocorrelation at
lag one in the squared residuals, which is confirmed by the rejection of the null hypothesis for
the Ljung-Box test on the squared residuals, as reported in Table 15.

The Jarque-Bera (JB) test in Table 15 indicates that the residuals are indeed non-Gaussian
(o < 2), this is consistent with an estimated o = 1.93 (1.90E — 4). However, we have an
estimated § of —0.99 (2.68E — 2) which is barely significant. This is not surprising as [ is hard
to identify, explained by the fact that it is impossible to reliably identify the coefficient 5 when
« is too close to 2. This is because, as « gets close to 2, the distribution increasingly resembles
a Gaussian distribution, which is symmetric. In this limit, the skewness parameter § has a
diminishing effect on the shape of the distribution, rendering it practically unidentifiable due to
the dominance of the symmetric properties inherent in the Gaussian limit of a-stable laws. The
goodness of fit of the estimated parameters for the a-stable law is confirmed by the associated
estimated density and the histogram of the residuals shown in Figure 9.

19
Lanne and Saikkonen (2011) shows that the AML approach is consistent if f admits a Lebesgue representation,

which is the case for the a-stable law.
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Table 15: AR(2) AML estimation for SOI

1 2 « B o
0.4476 0.2750 1.9390 -0.9970 0.4696
(0.0000) (0.0000) (0.0001) (0.0268) (0.0000)
Residuals test Stats CVaesn p-value
LB-Test on ¢; (lag=5) 7.6878 7.8147 0.0529
LB-Test on €2 (lag=5) 16.641 7.8147 0.0008
JB-Test 20.6780 5.9900 0.0000

Notes: Estimated parameters of a-stable anticipative AR(2) process associated with the SOI series

for the period 01/1951 - 12/1991. Standard deviations are in parentheses.

In Figure 8, the left panel shows the ACF of the residuals computed using the AML approach,
confirming their lack of serial correlation, while the right panel presents the ACF of the squared
residuals, indicating only a barely significant autocorrelation at lag one. This confirms the good

accuracy of the anticipative AR(2) model.

Figure 8: ACF of Residuals and Squared Residual using AML
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Figure 9, helps to visually assess the fit of the a-stable model to the residuals. The histogram
and the density curve align well, it suggests that the model is appropriately capturing the

underlying distribution of the residuals.
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Figure 9: Histogram of residuals using AML
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Notes: The figure illustrates the histogram of residuals with an overlaid density curve. The red line represents

the density of an a-stable law with the parameters: a = 1.9390, § = —0.9970, o = 0.4696.
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C Proofs

C.1 Proof of Proposition 2.1

Consider first the case where either a # 1 or X is S1S. We only provide the proof for a # 1 as
it is similar under both assumptions.

Assume that T'(KII'l) = 0 and let us show that X admits a representation of the unit cylinder
C(Q’H relative to the seminorm || - ||. The characteristic function of X writes for any u € R,

with a = tg(ma/2),
ox(u) = exp{ - /Sd (\(u, 8)|* —ia({u, 3>)<a>)F(ds) +1 <U,,u0>}

= exp { o (O D ICORY <u,u0>}

_ uia_iaui<a> sa s Z.uo
eXp{ /sd\m (K ’HSHH (¢ ’HSH» )H 1°T(ds) + i (u, p >}

exp{ - /T.|(Sd\K|'|) (](u, sH* —ia((u, s’ <O‘>> H‘

= exp{ - /C’d" (\(u, 8)|* —ia({u, s>)<a>) Isllc®T o T} {(ds) +i (u, p >}

Tl (ds)

FoTH i (ds)+i<u,u0>}

where we used the change of variable s' = Tj.(s) = s/||s|| between the third and fourth lines,
which yields the representation on C(Q'”.
Reciprocally, assume that X is representable on C'Ji"”. By definition of the representability of

X on C”'H, there exists a measure /'l on Cclll'H and a non-random vector mﬁ.H € R? such that
ox(u) = exp{ ~ [ (1)1 = ia(u. )< )5 ds) +z’<u,mﬁ.>}.
d
With the change of variable s’ = TH_Hl(s) = 5/||8]le,

px () = eXp{ - /C o (1 ) = @>><a>)\|slliv”"‘<ds> +i<uvmﬁ->}

s/
181l

|< s/>|a—ia(<u,s,>)<a>) ‘ || Il I ”(d.s)+z<u m” >}

” | (CII I

exp

exp{ K ’ , )| —ia((u, s>)<a>)‘|3||—a,yll~|| oTH_”(dS) +i<u’mﬁ_|>}

(1(w, 8)| — ia((u, 8)) <> )y(ds) + i (u, m°-||>},

d\KH I
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where v(ds) := ||s]| "/l o T).(ds). Letting now J(A) := y(AN(Sg \ KIly) for any Borel set

A of Sy, we have

ox (u) = exp{ [ ()l — iatan )< )ds) + <u,mﬁ.>}.

By the unicity of the spectral representation of X on Sy, we necessarily have (I', u°) = (7, mﬁ,H).

Thus, 7 and I" have to coincide, and in particular
DK = 5Ky = n(K I A 55\ KIF) = 4(0) = 0.

Given that I' = 7 and I'(KII'l) = 0, we can follow the initial steps of the proof to show that
Al =Tl

Consider now the case where « = 1 and X is not symmetric.  Assume first that

Is, ]m Is| ‘F(ds) < oo, that is, D(KI) = 0 and [y \ i ]m Is| ‘F(ds) < +o0. With a = 2/,
ox(u) = exp{ - /Sd (|<u, s)| +ialu, s) In|(u, s)|>F(ds) + i {u, H0>}

:exp{— J A (e R e TR IRNCR
+i(u, 1) —ia /Sd\Kl.| (u, ) In HsHI‘(ds)}.
We have [, 1.1 (u, 8) In||s[|T(ds) = S0 u; [g, 01 50 ||s|T(ds) = (u, fz), and thus,
) i [ () s Dds) = ifu )

The condition [g 1 i-I ’1n HSH‘F(dS) < 400, ensures that ‘“ﬁ'H‘ < 400. Again with the change

of variable 8" = T (s) = s/s||, we get

_ exp{ —/C; <|<u, s)| + ia(u, s) In |(u, S>|> 8]l T o T (ds) +iu, pi ||>}

Tl-ll(ds)

FOTH | (ds) +i(u, . >}

Reciprocally, assume there exists a measure 'l on C’g” satisfying (2.4) and a non-random

vector mﬁ,” € R% such that

px(u) = exp{ — [ (1) + dafu, ) |, 5) )1 ds) +z‘<u,mﬁ.>}-
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First, we can see that

ex(u) = GXP{ - /c

S

sl

(1w )+, T2 a0 ) sl + () n a9 (s

E'H
+z’<u,mf,”>}.

We will later show the following result:

Lemma C.1 Let vI'l a Borel measure on C’(u'” satisfying (2.4). Then,

Lyl
Cd

Assuming Lemma C.1 holds, then by the Cauchy-Schwarz inequality, we have

All(ds) < 400. (C.1)

In |

,7||‘H(d3) < 400, and thus

Joo N, )] [ s

e el ) sl ds)

ox(u) = exp{ - /Cdl (\(u, ||S||€>‘ +ialu

+i(u,mjl,) —m/

Il
Cd

(u, s)In HSHeVH'l(ds)}v
= exp{ — /Sd\K“‘| (|<u, s +ia(u, s') In |{u, s’>\>’y(ds’)

+i(u,mj,) —ia/

S\KII

(u,s') In IIS'H'Y(dS')},

where we used the change of variable s’ = TH_”1 (s) = s/||s|le, and y(ds) := ||s|| "4/l o Ty (ds).
Letting then F(A) := v(A N (Sg \ KI'l)) for any Borel set A of S; and . := (1;) with

mi = gk siln||s|y(ds), j =1,...,d, we get

ox(u) = exp{ — /Sd (](u, s)| +ia(u, s) In |[(u, s>\>7(ds) +i (u,mﬁ,” - am)},

and X admits the pair (7, mﬁ.” —am) for spectral representation on the Euclidean unit sphere.
The unicity of the spectral representation of X on Sy implies that (I', u°) = (7, mﬁ.H — am).

Thus, 7 and I" have to coincide, and in particular

D( 1) = (R = 5 (51 (80 KI)) = 5(0) = 0,

m:/ siln|s|T(ds), i=1,...,d
SAKI

AlHl(ds) < 400 (Lemma C.1) and T'(KII) = 0, we have by a change

Last, as fcc‘lw ||sle| In ||s]|e
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of variable

In|s]e

/H'H HSHB
Cd

A (ds) :/ [ ]l |}~ o 7y (ds)
Sa\KII

= [ |mlisl s
SAKI
~ [ |msi||r(ds)

Sq

< 400,

which concludes the proof of Proposition 2.1.

Proof of Lemma C.1
Notice that there exists a positive real number b such that for all s € Cc‘l"”, ||slle > b because

|s|l = 1. Letting M > 0, we have for all u € R?

/n-u Islle 7(ds) :/M +/u»n =1+ 1.
Ca cy'n{p<Islle<My SOy N{||s]le>M}

We will show that both I; and I are finite. Focus first on I5. From (2.4), we know that for all

In [|s]le

u € R?
[ o)l )l [ as) = [ . <o (C2)
c! Cyn{o<lslle<mr} SO n]lIs]le>M}
and thus, in particular
| [, )| 1n |, ) |51 ()
{srechl: s> M)
= A‘ [(at, )| 1n [l +1n {2, =) |7 (ds) < +o0.
(sl |1s7)|.> M} slle
(C.3)

By the triangular inequality, for all u € R¢,

S

“islle

[ )1 Il le + I [Gur, =) ]2 ds)

/{s’eCclll'lz s |le>M}

1ﬂ’<u73/H3He>’) I
= u, s)||In||s|le||[1 + ———————— ds
Aﬁ%ﬁwmﬂﬂu )| n s R
In [{u, s/||s]|e )
> )l ] |1 = P2 1 )
{s'eC,; " ||s'||le>M} thSHe
(C.4)

Let us now partition the space R? into subsets Ry, ..., Ry such that, for any i = 1,...,d and

any s = (s1,...,54) € Ry, sup|s;| = \si\.m We have by (C.3)-(C.4) that for any ¢ = 1,...,d,
J

20
Strictly speaking, (Ri,...,Raq) is not a partition of R? as the R;’s may intersect because of ties in the

components of vectors. This will not affect the proof.
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any u € RY,

|
/ |<u,s>|‘ln Islle|[1 — n’<“’8/|3||6>|‘ MM (ds) < +o0.
{srec! . |5/ o> MINR; In ||s]le
Denoting (e1, ..., e4) the canonical orthonormal basis of R?, evaluate now the above at u = e;.
We get that
In|{e;, s/||s .
[ es, | ] |1 = P22l o) < o, (c5)
{s'eChl: |1s'le> MR, In|ls|

Let us show that s — In|(e;, s/||s|l¢)| is a bounded function for s € {s’ € C’” I 2 )18 le

M} N R;. Ad absurdum, if it is not bounded, then for any A > 0, there exists s € {s’ € C’C‘l‘ I,
|s'lle > M} N R; such that

‘ln|<ei,s/\|s||e> > A.

Taking the sequence A,, = n for any n > 1, we get that there exists a sequence (s,), s, € {s’ €
g

I )s')|e > M} N R; such that

> n.

‘1H|<ei,3n/Han€>
Thus, for all n > 1

0 < [(eis sn/llsnlle)| < €™

and
{ewsu/llsall)| 0.
Consider now the decomposition of s, /||s,||e in the orthonormal basis (eq, ..., eq),
d
sn/ll8nlle = Z(ejvsn/HSnHe)eJ
j=1

As s, € R; for all n > 1, we also have that s, /||sn|le € R; for all n > 1, and thus, for any
j=1,....d

0 < I{es, sn/Isnlle)] < lfesssn/lsalle)] —_0.

Hence, s,,/||sn|le — 0, which is impossible since H el = 1foralln > 1. The function
n—-+o0o €

s +— In|{e;, s/|s||e)| is thus bounded on {s € CE'H Islle > M}NR;, say ’ln \(ei,s/HsHeH‘ <A

for some A > 0. Provided M is taken large enough (e.g., M > 2A), we will have in (C.5)

‘1

In [{ei, s/]|s]lc)]
In|s|e

In [{e;, s/| sl I‘
In{|s]le

A
>1 - —
‘_ M>0’

20



which thus yields for all : =1,...,d

/ -1l ’<6i,8>|‘h’1 HSHe”}/””(dS) < +00.
{s’GCd 2|8 ]le>MINR;

As |(e;, 8)| > ||s|lce™, we further get that

| Il 1n 1 s]le[ 111 (ds) < +oc,
{s/eC ;" ||s'[le>M}NR;

and because |J R; =RY,
i=1,...,d

f :/ I ”S”e‘ lnHSHe‘v”'”(dS)
{s'eCyls ||s')|e> M}

szl/{

" Il Is]lc|["" (ds) < +oo.
s'eCy " || |le>MINR;

Let us now show that I is finite. Assuming for a moment that
PWi({s eyl b<ls']le < M}) < +oo,
we get

L= Islle| 1o flslle [/ (ds)

/{sfeod": b<||s'[| <M}

< (w%ﬂxum) W(gs eyl b<ls']le < M}),

because  — z|lnz| is a bounded function on [b, M], and thus I < +o0o. We now show that

AlIis indeed finite on the set {s’ € C’C‘il'” b < ||8]le < M}

Proceeding as in the case of I, it can be obtained that for ¢ = 1,...,d, the function s —

In |{e;, s/||s|le)| is bounded on the set {s’ € C0|l|'” : b < ||8]le £ M} N R;. Say, again, that

[1n (es, /1)

have

|(\ei, )| > 2,

< A for some A > 0. Then, |(e;,s)| > ||s|lce™, and for any A > 2b~'e4, we

foranyi=1,...,d,se{s € C’C‘l"” : b<||8']le < M}NR;. From (C.2), we have for any u € R?

| [, )1 I | (. ) |3 (ds) < 40,
{srec!l: b<|ls’ <M

and thus, for any u € RY,

/ (a1 1n . )1 [ (d5) < o0,
{seCll: <5t || <MINR;
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for any i = 1,...,d. Evaluating the above in particular at u = \e;, for any X > 2b~e?, we get

/ [(hei, )| In | (Aes, )| |71 (ds) < +oo.
(el b<||s | <MINR;
Noticing that x — z|Inz| is increasing on [1,+0c0) and that [(\e;, s)| > 2 for any s in the
domain of integration, we have |(u, s)\’ In |(u, s>|‘ >2In2, and
/ Al (ds) < +oo,
{srecl: b<|s' |l <MINR;
for any i = 1,...,d. Hence,

d
Al (ds) < ;/{ A(ds) < 400,

/{sfecd": b<||s || <M} stecll: b< |5/l <MINR;

and Al <{s/ ecll: p<ys|. < M}) is finite. m

C.2 Proof of Proposition 2.2

The proposition is an immediate consequence of Bayes formula and of the following result,
which is an adaptation of Theorem 4.4.8 by Samorodnitsky and Taqqu (1994) Samorodnitsky

and Taqqu (1994) to seminorms.

Proposition C.1 Let X = (X1,...,Xy) be an a-stable random vector and let || - || be a semi-
norm on R such that X is representable on Cll"H. Then, for every Borel set A C Cc‘l"” with
Iy = o,

X
lim 2°P([| X >z, ——— € A) = C,TI(A4), C.6)
Jim o"P(1XI > 2, 5y € 4) ( (
ith C 1-a fa#1, and Cy =2/
o = , an =2/m.
w (2 — «) cos(ma/2) e ¢ !
Proof.

We follow the proof of Theorem 4.4.8 by Samorodnitsky and Taqqu (1994). The main hurdle
is to show that, with || - || a seminorm, KlI'l = {s € S;: ||s|| = 0}, and TI"l(KIl) = 0, we have
the series representation of X, (X1,..., Xy) 4 (Z1,...,Z4) where

Zy = (CoT IV S8 — by ()], k=1,...,d, (C.7)
i=1
with S; = (Si(l),...,Si(d)), i > 1, are i.i.d. C’[g'H-valued random vectors with common law

F”'”/F”’H(Cc‘l"”) and the b; (o)’ are constants.
By Proposition 2.1, we know that X admits a characteristic function of the form (2.1).

This allows to restate the integral representation Theorem 3.5.6 in Samorodnitsky and Taqqu
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(1994) on the seminorm unit cylinder as follows: with the measurable space (E,&) =
(Cclll'”,Borel c-algebra on CE'H), let M be an a-stable random measure on (F, &) with control
measure m = I'lI'l| skewness intensity 5(-) = 1 (see Definition 3.3.1 in Samorodnitsky and
Taqqu (1994) for details). Letting also f; : Cc‘ll'” — R defined by fj((sl,...,sd)) = sj,
7=1,....d, then

d

x 4 ( [ hsMs)..... |

II-1
d

fals)M(ds) ) + .

This representation can be checked directly by comparing the characteristic functions of the left-
hand and right-hand sides. We can now apply Theorem 3.10.1 in Samorodnitsky and Taqqu
(1994) to the above integral representation with (E, £, m) the measure space as described before,
and m = FH'||/1“”’H(CC‘IH|). This establishes (C.7). The rest of the proof is similar to that of
Theorem 4.4.8 in Samorodnitsky and Taqqu (1994). We rely on the triangle inequality property

. . . . . . .21
of seminorms and the fact that any norm is finer than any seminorm in finite dimension. O

C.3 Proof of Theorem 3.1

From Proposition 2.1, we know that a necessary condition for the representability of X; on
C’Tllihﬂ is (K'Y =0, where KI'll = {s € S,,, 141 : ||s|]| = 0}. This condition is also sufficient
when either a # 1 or a« = 1, § = 0. Using the fact that I' only charges discrete atoms on
.
DKM =0 <= {seSnin1:T({s}) >0}n Kl =0
= V5 € Smintt,  [T({s}) >0 = ||| > 0]
= VheZ, ldille>0=> |dsl| > 0]

— VkeZ, :”dkH = 0= |ldic = 0}

= ke, [ldil = 0= ds =0

— VkeZ, :(korm,...,dk) =0 = (dgsm, ... de_p) = 0],
by (3.1). Now assume that the following holds:
Yk €Z,  |(dkym,- - di) =0 = (diym, . dip) = 0]. (C.8)
Then, if for some particular ky € Z, we have

(dk0+m, ceey dko) = 0.

21
We say that a norm N is finer than a seminorm Nj if there is a positive constant C such that N,(z) < CN(zx)

for any = € R?.
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It implies that
(dkg+ms - - - » dkg—n) = 0,

and especially, as we assume h > 1,

(diko—1)+m> -+ - dkg—1) = 0.
Invoking (C.8), we deduce by recurrence that for any n > 0,

(d(kg—n)4m> - - - > dkg—n) = 0.
Therefore, (C.8) implies

Vk € Z, [(de,..‘,dk) —0—=W<k—-1, dy=0

The reciprocal is clearly true. This establishes that (3.7) is a necessary and sufficient condition

for X; to be representable on C(g'” in the cases where either a # 1, or a =1, 5 = 0.

In the case a = 1, 8 # 0, Proposition 2.1 states that the necessary and sufficient condition

for representability reads [q ‘ln IIs]| ‘F(ds) < 4o00. That is
r(xMy=0  and / | ]| |T(ds) < +oc.
SAKI

Substituting I" by its expression in (3.6), the above condition holds if and only if (3.7) is true

and
9d
o Z ngHdkHe In F I < +oo,
9eS) keZ e
the latter being equivalent to
d
3 (|dille| In ldill | _ o
keZ HdkHe

C.4 Proof of Proposition 3.1

By Definition 3.1, (X;) is past-representable if and only if there exists m > 0, h > 1 such that
the vector (Xy—m,..., X¢, X¢t1,..., X¢rn) is representable on ¢l

mahe1- Consider first point
(¢)(a), that is, the case a # 1, (e, ) = (1,0). By Theorem 3.1,

(X:) is past-representable <= There exist m >0, h > 1, such that (3.7) holds

— EImEO,Vk:EZ,{de:...:dk:O — W<k-1, dgzo]
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Thus,

(X¢) not past-representable <= Vm > 0,3k € Z,djyy, =...=dp, =0 and ¢ <k —1, dy#0
<— Ym>0,3ke€Z,dpym=...=dp =0 and dp_1 #0
— Vm>1,3ke€Z,dgypm=...=dp+1 =0 and di #0
< sup{m=>1: Ike€Z, dyym=...=dr1 =0, di #0} = +o0,

hence (3.10).
Regarding the last statement of point (¢)(a), assume first that mg < +00 and m > mg. Property

(3.7) necessarily holds with mg. Indeed, if it did not, there would exist k € Z such that
dktmy = ... =dr, =0, and d; #0, forsome ¢<Fk—1,

and we would have found a sequence of consecutive zero values of length at least mg+1 preceded

by a non-zero value, contradicting the fact that
mo=sup{m >1: Ik €Z, dgyyy=...=drt+1 =0, and dj # 0}.

As (3.7) holds with mg, it holds a fortiori for any m' > my. Thus, X; =
(Xt—my -y X4, Xeg1, ..., Xyqp) is representable for any m’ > mg, h > 1 by Theorem 3.1, and
(X}) is in particular (m, h)-past-representable.

Reciprocally let m > 0, h > 1 and assume that (X;) is (m, h)-past-representable. The process
(X) is thus in particular past-representable, which as we have shown previously, implies that
mo < +00. Ad absurdum, suppose now that 0 < m < mgy < +oo. If mg = 0, there is nothing to

do. Otherwise if mg > 1, by definition, there exists a k € Z such that
dk:—i—m() =...= dk»+1 = 0, and dk ;é 0. (09)

Because (X;) is (m, h)-past-representable, we have by Theorem 3.1 that (3.7) holds with m.
As m < mg and djqm, = ... = dp+1 = 0, we thus have that d, = 0 for all £ < k + 1, and in

particular d; = 0, hence the contradiction. We conclude that m > my.

Consider now point (¢)(b), i.e., the case « = 1 and 8 # 0. From Theorem 3.1,
(X:) is past-representable <= There exist m > 0, h > 1, such that (3.7) and (3.8) hold

From the previous proof, we moreover have that

mpy < +00

Im > 0, such that (3.7) holds <= my < +o0 <= ¥ m' > mg, (3.7) holds

V' m!' < myg, (3.7) does not hold
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Hence

dm >0, h > 1, such that (3.7) and (3.8) hold

mo < +00

V'm' > mg, (3.7) holds

vV m! < myg, (3.7) does not hold

Im >0, h > 1, such that (3.7) and (3.8) hold.

The latter in particular implies my < +o00 and the existence of m > mg, h > 1 such that (3.8)

holds. Reciprocally,

moy < +00

Im > mg, h > 1, such that (3.8) holds

my < +00
= ¢ Vm/ >myg, (3.7) holds

Im > mg, h > 1, such that (3.8) holds,

which in particular implies that there exists m > mg, h > 1 such that both (3.7) and (3.8)

hold. Hence the past-representability of (X3).

In view of Definition 3.1, point (:t) is a direct consequence of the second part of Proposition

2.1.

C.5 Proof of Corollary 3.1

Letting ko be the greatest integer such that dy, # 0 (such an index exists by (3.3)), then

immediately, for any m > 1, dpy4m = ... = di,+1 = 0 and therefore mg = +ooc.

C.6 Proof of Corollary 3.2

We first show that deg(¥) > 1 if and only if my < +oc0.
Clearly, if deg(¥) = 0, then X; = Zioz_oo dieg i for some kg in Z and mgy = +oo.
Reciprocally, assume deg(¥) = p > 1. Let us first show that (3.10) holds.

Denote W(F)®(B) = X1__, ©iF* and O(F)H(B) = Y5__, 0;F*, for any non-negative degrees

q = deg(®), r = deg(H), s = deg(©). From the recursive equation satisfied by (X;), we have
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that

p
Y eiXipi= > Ocrin

1=—q k=—r
p s
= S 0i Y diEriiri = > OkErsk
i=—q  kez j—
p s
— > ( > ¢idki>5t+k = Y OrErin (C.10)
k€Z “i=—q k=—1

Proceeding by identification using the uniqueness of representation of heavy-tailed moving av-

erages (see Gouriéroux and Zakoian (2015)), we get that for |k| > max(r, s),
p
> widp_i = 0. (C.11)
i=—q

Ad absurdum, if (X}) is not past-representable, then by Proposition 3.1
sup{m >1: 3k €Z, diryp=...=dry1 =0, di # 0} = +o0.

Thus, there exists a sequence {m, : n > 0}, m, > 1, lim,, 1. = 400, satisfying: for any

n > 0, there is an index k € Z such that

dp—p #0 and dyp_pi1 = dp—py2 = ... = ditm, = 0.

We can therefore construct a sequence (k) such that the above relation holds for all n > 0.
This sequence of integers in Z is either bounded or unbounded. We will show that both cases

lead to a contradiction.

First case: sup{|k,|: n > 0} = +oo

There are two subsequences such that mg,) — 400 and |ky(,)| — +o0. For some n large

g(n

enough such that (C.11) holds and m(,) > p + ¢, we have both

P
Z Pidy,)—i = 0.

i=—q
and
dka(n)_p # 0, dkg(n)—p-H == dkg(n)+q =0.
Hence,
(dekg(n)—p =0,

which is impossible given that dg . —p # 0 and ¢, # 0. Indeed, denoting
U(z) =141z +4 ...+ ¢p2P, 9, # 0 because deg(¥) = p, it can be shown that ¢, = 1.
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Second case: sup{|k,|:n > 0} < o0

Given that (k) is a bounded sequence, there exists by the Bolzano-Weierstrass theorem a
convergent subsquence (kg(,)). As (kgy(,)) takes only discrete values, it necessarily holds that
(kg(n)) reaches its limit at a finite integer ng > 1, that is, for all n > no, kg(n) = limp oo ky(n) =
k € Z. Thus, for all n > ng

d];; #0, and dfc-ﬁ-m

and as mg(,) — +00, we deduce that
di #0, and dj, ,=0, forall £>1.

The process (X;) hence admit a moving average representation of the form

k
Xe= > difrsr teZ. (C.12)

k=—o00

However, we also have by partial fraction decomposition

BrY(F)®(B)

— O(F)H(B)B" [Bbié% ! léﬁi]

[
2
>

=

bi(B)  BPby(B)
<B)[$<F>+ 3(B) ]

for some polynomials b1 and be such that 0 < deg(by) < p—1, 0 < deg(bs) < ¢ — 1 and
®(B)b1(B) + BPba(B)¥(F) = 1. We can write in general

O(F)H(B)bi(B) _ X
W) _kzz_gl ot
O(F)H(B)BPby(B) &

for some sequences of coefficients (c), (ex), and where ¢; is the degree of the largest order
monomial in B of ©(F)H (B)b1(B) (recall that F = B~1) and ¢5 is the degree of the largest
monomial in F' of BPO(F)H (B)b2(B). By (C.12), we deduce by identification that there is
some ¢ € Z such that ¢, =0 for all k > ¢+ 1 and

k
= CkF .
W2,

Necessarily, £ > /1, otherwise ©(F)H (B)by(B)¥~!(F) = 0 which is impossible as all the poly-

nomials involved have non-negative degrees. Thus, we deduce that there exist two polynomials
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P and @ of non-negative degrees such that

O VHENE) _ N~ ko poty ofe s
\P(z_l) kz_gl k< = P( )+Q( )v eC,
which yields
Oz HH(2)bi(2) = ¥z ) (P(z™H + Q(2)), z € C. (C.13)

As deg(¥) = p and ¥(z) = 0 if and only if |z| > 1, we know that there are p complex numbers
21,...,2p such that 0 < |z;| < 1 and ¥(z; ') =0 for i = 1,...,p. Evaluating (C.13) at the zs,

we get that
O(z Hbi(z) =0, for i=1,...,p,

because H has no roots inside the unit circle and P and @ are of finite degrees. From the fact

that deg(b1) < p — 1, we also know that for some z;,, b(z;,) 7 0 which finally yields

0z 1) =o.

10
We therefore obtain that ¥ and © have a common root, which is ruled out by assumption,

hence the contradiction. The sequence (k) can thus be neither bounded nor unbounded, which

is absurd. We conclude that
mog=sup{m >1: Ik €Z, diymy=...=dps1 =0, dp #0} < +o0.

Hence the equivalence between (1) and (et).
Let us now show that whenever mgy < 400, then (3.8) holds for any m > my.

As mg < 400, we have that for any m > mg and h > 1, ||dg|| > 0 as soon as dj # 0,
for all k € Z (recall di, = (dktmy- - dky d41, - -, di—p)). For ARMA processes, the non-zero
coefficients dj, of the moving average necessarily decay geometrically (times a monomial) as
k — txoo. To fix ideas, say dy et ak\F, for constants a # 0, b a non-negative integer, and
0 < |A| < 1, which may change according to whether k£ — +o00 or k — —oo (if deg(®) = 0, then
d_ = 0 for k > 0 large enough, however, since we assume deg(¥) > 1, it always holds that

|dr] ~ akbPAF, for the non-zero terms dj,). Hence,
k—+o00

di, ~ akP\td,,

k—+oo
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for some constant vector d, such that ||d.|| > 0 (which may change according to whether

k — 400 or k — —o0). We then have that

k|| x|
— > 0,
ldklle koo [|dy]le

and

1 le

tn (|l /i)

~  const kPAF.
k—+oco

Therefore, for any m > mg, h > 1,

> ldlle

kEZ

< +00

o (il il )

The equivalence between (¢) and (tt) is now clear: on the one hand, if my < +oo,
then (3.8) holds for all m > mg, h > 1, which yields the (m,h)-past-representability of
(Xe—my ooy Xy Xp1, -« -, Xyap) for any m > mg, h > 1, by Theorem 3.1. In particular, (X;) is
past-representable. On the other hand, assuming (X;) is past-representable, then necessarily

my < +00.

Regarding the last statement, it follows from the above proof that the condition mg < +o00
and m > my is sufficient for (m, h)-past-representability. It is also necessary, as (3.7) never

holds with m < mg (a fortiori, with m < my = +00), concluding the proof.

C.7 Proof of Proposition 4.1

By Proposition 2.2

rllian B(V))
:v—>—+)oo rIH(B(V))

The conclusion follows by considering the points of B(V) and A N B(V) that are charged by

Pl (X, A[B)

the spectral measure Tll'l in (4.2).

C.8 Proof of Lemma 4.1

By Proposition 3.1, we have

ril=3$" % HdkH“5{g&zL}’

VveS1 kEZ lldll

with dj = (pk+m]l{k+m20}, . ,pk_h]l{k,hzo}) and k € Z. Thus,

0, it k<-m-—1,
di, =1 (pF™,...,p,1,0,...,0), if —m<k<h,
pFldy,, if k> h.
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Therefore,

il = 3° [ }: HdkHaé{ o) +-§:|0deil\tha5{quk ha }].

YeS1 Lk=—m k=h lolF=Rlidp, I

Moreover,

S5 et I g

veS| k=h llapll
Z Htha [Z |p‘a (k—h) +19B Z <a> k— h‘|5 oy
ISIHY {\dh”}
= dp||%wyo .
" T

Finally, noticing that for Kk = —m and dj = (1,0,...,0),

C _
. a Wy o
D= 57wy Y ldel 6 ga, +—Ijjﬂﬂgﬂdhn Or9dy 1
9esi L k=—m {HdkH} {Hdh!}
r h—1 Wy
= > wﬁ<5{<ﬁ,o,...70>} ps Hdk||a5{ @ }) " 1—|paHtha6{ i }]
eSSt L k=—m+1
| ||
r h—1 Wy
— Z wﬁ5{(19,0,“.,0)} + (wﬁ Z ‘dkHaé{ ﬁdk } + 1_|p|a||dh|’a5{ ﬁdh })]
9esy L k=—m+1 dall
]| ||

C.9 Proof of Proposition 4.2

Lemma C.2 Let TI'l be the spectral measure given in Lemma 4.1 and assume that the p is
positive.

Letting (Yo, ko) € Z, consider

oo (T, Vi) _ S0fld)
(L7 I ko |

for (', K') € I} :

Form>1, and 0 < kg < h, then

ﬁodk’ / }
= : 0<EK <hy.
’ {ndk/n 0o
Form >1, and —m < ky < —1, then
Jod
{&;ﬂ, if —m—+1<ky<—
0

Ip=

{%%M}:ﬂ%ﬁwwmbif%:—m
o,k |

For m =0, then

{ﬁodk/
0= :

Taor k'e{L.“,h}u{«LOH}-

61



Proof.

Case m > 1 and ko € {0,...,h}

Ifk € {—m,...,—1}, the (m+1)*™® component of f(dy) is zero, whereas the (m+1)*" component
of f(dgy) s 0 # 0. Necessarily, o (dy)/|[diel] # Do f (o)l iy | and

I = {de' o VU f(de) _ dof(dr)
||| [ | i,

for (9, k) € {—1,41} {O,...,h}}.

Now, with k¥’ € {0, ..., h}, we have that

/

fldpr) = (pFTm o pF T PR,

Fldyy) = (pFotm™, ..., phott, phoy,

and by (3.1) we also have that

h
’ / ) ——
||dk’|| = H(pk +m7"'7:0k +17pk 707"'70)”7
Idio || = [1(p™t™, ..., Pt pFe 0, 0)]].
h

Thus,

Vf(di) _ dof(dr)
ol [ |

9o f (do)  Dop* f (do)

o lldoll — Ipl*o]ldol

19//)[ _ M 0

ldoll  lldoll’ o
[doll

, e\,
<~ V' = , £=0,....m
ldoll — \p

,m

= PPy =1

= ¥ =1,

because p # 0 is assumed.
Case m > 1 and kg € {—m,...,—1}

By comparing the place of the first zero component, it is easy to see that

Vf(de) _ dof(dr,)
[l | |, |

:>k/:]{20.

m+1 h
B ——
f(dp) = (pF*™, ... p,1,0,...,0,0,...,0),

f(dko):(pk0+m7"'7p7]‘707"'70707"'70)7
m+1 h
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and we also have that

m—+1 h
’ —
Hdk/H:”(pk+m7"'7p71707"'70707"'70)H7
ldk, |l = [I(p" ™, ..., p,1,0,...,0,0,...,0)|.
m-+1 h
As k/:kgg—
V' f(de) _ Yof(dr,)
||| |, |
ﬁ/pg ﬁopf
= ————=_""_ (=0,....,m+ky, and ¥ =k
ko |~ k|l ’ ’

¢
= 19’19()Hdk°” = <p> , £=0,...

il \p

Now if —m+1<ky < —

,m + ko, and k' = ko.

d L
19/{9()” kOH _(p) , 620717_..7m+k0’ and kl:ko

ldko [l \p

—

If kp = —m, given that (Yo, ko) € Z = S1 % ({—m,...,

= 190 and k/ = k().

-1,0,1,...,h} U {(0, —m)}), and as

k' = kg = —m, we have that dy, = do,—m, = (1,0,...,0). Hence

d 4
19/190” kOHZ(p) , £=0, and K =ky=-m ,

ldikoll - \p

= 19/:190 and kl:ko:—

Case m =0

If ko € {1,...,h} then f(dg,) = p*0 and by (3.1), ||dg,|| = |p/*0. Thus, 9o f(dr,)/||dr, || = Jo. If
ko = —m = 0, then f(dk,) = 1 and 9o f(dg,)/||dk,|| = Yo. The same holds for (¢, k') € Z and

we obtain that

9 f(di) _ dof (di,)
[~ o]

Let us now prove Proposition 4.2. By Proposition 4.1,

¥ dy
Wl { Ko Ay
]|~

9'f(d 1)
lel © VO})

= ¥ =Y.

Pl (Xt,Aﬁ,k‘B(VO)) —

[y |

Focusing on the denominator, we have by (4.6)

1w ' f(dy) V' dyy
pnn({ Vool ev} _ ol {
ldp ||~ L ] s |
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(C.14)

9 f(dy) '
ldwl € VO})

c ol 9 f(d) _ Dof(d,) })

AL de | [l |




We will now distinguish the cases arising from the application of Lemma C.2. Recall that we

_ 1— |ple
assume for this proposition that the p is positive. Thus, sign(p) =1 and g = ﬁl—pio =4
and wy = wy in (4.5) for ¥ € {—1,+1}.

Casem >1and 0 < kg < h
By Lemma C.2,
PR : V' f(dy) _ Vo f(dy,)
pn({ Vool _ 0}
|| L dg | [ |
||
h—1 by
= |wyy Y [ldw|* + Tl el®
Pt |
By (3.1), for k' € {0,1,...,h}
||dk/|| = H(pk'—f—m7 cee 7pkl+17 pk/a Oa cee aO)H
——
h
= 1m0, 0)]
————
h
= 1ol " ldal-
Thus,
Vdy . 9 f(dp) _ Pof(dy,) & 1
Tl {k coll _ 0 } — g dale] ST po ) 4
dp | — ||| |, || 0 k/z::[) L—|p|®
o lpl*"

Similarly for the numerator in (C.14), by (4.7),

A [ 9dy 9 f(dy)
I k . v Jer)
. <{||dkf||€‘4’9”“‘ I 6‘/0}

Dody
= F”H ({Hflk/k“ S Aﬁ,k 0L K < h})

wﬁo”tha’p’a(k_h)(s{ﬁo}(19)7 if 0<k<h-1,

1 .
wﬂo”dh”awé{ﬁo}(ﬁ), if k=nh.
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The conclusion follows.
Casem > 1and —m < kg < —1
We have by Lemma C.2

w0 9 (dr) Do (dk) VY _ e ( f Podi,
g <{Hdk/H€Cm+h”' = ant ) =™ e}

If—-m+1<ky < -1,
. Jodj, o
() e
0

and

dod .
p-u({ |2lk:|o|}> if 9 =1y, and k = ko,

Tl (@), if 9 £y or k # ko,

= Wy, Hdko Ha&{ﬂo} (ﬁ)é{ko}(k)

If kg = —m, then dy, = do,—m, = (1,0,...,0), and

ri ({%}) = T ({80(1,0,..,0)}) = iy,

and

o[ [ 9 9 f(dy)
rlk { Ko fpy: IR v}
Td]] < Tapl <7

Jod
:pu-(AMm{ 0 ko})
© Uldkll

Tl (Aﬂ,k N {9(1,0,... ,0)}), if 9 =199, and k = ko = —m,
rl(@), if 999 or k+# ko,

= w0093 (9)Igkoy ().
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The conclusion follows as previously.
Case m =0
By Lemma C.2, as the p is positive

rn-({ﬁ’dk’ coll . 19’f(dkf):ﬁof(dko)}>

||~ T d | ek

— i ({ﬁ;ﬁ’fu €Ol K e{0,.. h}u{(0, o)}}>

Given that ||dy | = |p|¥', for any 1 < k' < h,

i [V : V' f(dy) _ Vof(diy)
pn({ Kool _ 0}
[y ||~ T ldy | [ |l
h—1
o, Ndnll®
= gy + gy | 3 e+ I
) — |pl
ak’ |p|ah
= wy, 1+ Z \p! + =
) 1—|p|

L—lpl*" lp|*"
‘W%L—mw+1—mw

Similarly, by (4.7),

i 9w 9 f(dy)
mn{ LA v}
Taw] € Tapl €7

_ Dodyy
:pn(Aﬁ’km{’;kﬁ‘ eclhl, k’e{O,...,h}U{(0,0)}})

IR0 it 9 # v,
Wj9,0{90} (V) if k=0,
= w190|p|ak6{190}(19)7 if 1<k<h- 1,

ah
P )
Wy, 1T- |p|a5{190}(19), if k=h.

The conclusion follows.
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C.10 Proof of Proposition 4.3

Lemma C.3 Let X; be the a-stable anticipative AR(2) (resp. fractionally integrated AR) as
in (4.8) (resp. (4.10)). With f as in (4.1), and for any m > 1, h > 0,

d d
VE, > —m, Yp, 092 € Sh, [f(llillk\lk) = f(\rf;elle) — k={ and ¥; = 192}.

Proof.

The result is clear for both processes for —m < k,¢ < —1. For k,£ > 0,

fWWdy) _ (i) [W =0,...,m, Ddits _ Vodes

|l el Idell— [1de]
dp  diya [ d|l
— = —==... =" . C.15
& Y2, (€49)
d d
The last statement in particular implies that Sk Okl
¢ der

For the anticipative AR(2), if A\ # A2, we then have

k+1 k+1 k+2 k+2

de dpya

141 +1 7 42 £+2
AT A AT A
k=t _ \k—{

= A=A

<~ k=/.

This case \;1 = A2 = A is similar. For the anticipative fractionally integrated AR, given that

[(z+ 1) = 2T'(2) for any z € C, we have

A dpga T(k+dT(+1) T(k+d+ 1D+ 2)

= = (
di — di T(l+dT(k+1) T(+d+D)I(k+2)
F(l+d+1)I(k+2) T(k+d+1)I(+2)

Frf+dr(k+1)  Tk+dTE+1)
— (k—0)d-1)=0

— k=1
Therefore, in all cases,
di  dgs | d|l
— = —= = ... =% = k=/ and Y199 = 1.
di ~ dper ] o

Let us now prove Proposition 4.3. The spectral measure of X; writes

il =g 3 Zwﬁnduaé{ 25,1

VeS1 kEZ ldgll

67



where the sequences (dj) are given respectively by (4.9) and (4.11) for the anticipative AR(2)

and fractionally integrated processes. By Proposition 2.2,

| rllan B(y))
P (X0, A|B(Vo)) — FII-II(B(VO))O

On the one hand, we have by definition of B(Vy), Vy and Lemma C.3,

rll(B(vy)) =l ({m € BWVy): (0,k) € {—1,+1} x Z})
— o0 ({te € bl ) v, 0k € (1,00) x2))
gdy . If(dy)  Yof(d
_ ({Hd:” ecll, {C(lkﬁ‘) - Tf;io’ﬁo), (0, k) € {—1, 41} x z})

_pl ({m})

Similarly, it is easily shown that

(AN B(Vp)) = 1M (A m {ﬁodko })

The conclusion follows.
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